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Abstract
This thesis presents a new parallel 5 DOF robot called the H-Delta. The H-
Delta adds 2 degrees of freedom (DOF) to the traditional Delta robot in a novel
way, adding functionality and versatility. Importantly, the rotational DOF are
decoupled, independent of the translational movement.
This thesis begins by covering the necessary background the H-Delta is built
upon, and then describes the structure of the H-delta and how it improves upon
the state-of-the-art. The kinematic analysis of the H-Delta covers the inverse
kinematics, Jacobian matrix derivation, stiffness, and dexterity. To provide a
reference to an existing structure the H-Delta is compared to the benchmark
Stewart Platform.
A Dynamic analysis is performed by formulating the dynamic equations of
the H-Delta using the Lagrangian method. The results of the dynamic calcu-
lations are verified with a dynamic simulation which also acts as a test bed to
develop control systems.
A multi-objective optimization of the H-Delta is presented and using the in-
formation accrued to this point an initial prototype is designed and constructed
to verify the H-Delta structure.
With the knowledge of the strengths of the H-Delta gained from the analysis
and prototype, select applications are presented where the H-Delta best lends
its strengths to the application.
The H-Delta is mounted on a UAV to survey and interact with its surroun-
dings. The prototype can use an on-board camera to track the position of an
objective on the ground and center the gripper over it. When the UAV gets close
enough, the H-Delta reaches out and automatically retrieves the object. When
flying around, the H-Delta stabilizes the movement of the end effector, reducing
acceleration. The prototype movement is measured and the results show that
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A robot is defined as a machine that can operate autonomously with human-like skill.
Unlike humans, robots can do a repeated task quickly, accurately, as long as needed
without fatiguing, and in environments that humans can not tolerate. Because of
these traits, robots are continuously finding new uses and new robots need to be
designed to fill these applications.
Traditional industrial robots consist of rigid links connected by joints moved by
motors. Serial robots consist of the motors and links connected together in a chain,
and are typically arranged in a configuration resembling a human arm. Robots also
require some form of feedback, allowing a controller to know where each joint is
currently located, so it can be properly moved to the desired position.
Figure 1: SCARA robot
Courtesy of http://linux.softpedia.com/get/Science/SCARA-robot-100789.shtml
One of the earliest examples of a serial robot is the SCARA robot, which combined
a simple design and control for a versatile robot. An example of a SCARA robot can
be seen in Fig. 1. The SCARA robot has three revolute joints that can control
the position of the end effector, and a prismatic joint to move up and down. These
motions combine to allow the robot to pick up and move objects around, within the
reachable distance of the arm.
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1.2 Parallel Mechanisms
Parallel robots are typically two platforms; a base and an end effector. They are
connected by at least 2 kinematics chains (a.k.a. arms). The kinematic chains are
generally actuated on the first joint attached to the base. By using multiple arms
within the parallel robot, the motion of the end effector is constrained and can be
fully controlled by the motors.
One of the earliest parallel robots was the Stewart-Gough platform [1, 2], which
consists of 6 chains; each with a universal joint, linear actuator, and spherical joint. A
more popular application for the Stewart platform has been various motion simulators,
where the motion of the platform simulates the virtual motion on a screen being shown
to a person, increasing the user’s immersion in the virtual world.
Parallel mechanisms can be written in short hand; such as 6-UPS for the Stewart-
Gough manipulator. This means that there are 6 arms that each have a universal
joint, prismatic joint and spherical joint. The underlined letter indicated that it is
a driven joint where the motor controls the position. The possible joint options are:
R for revolute, U for universal joint(two coincident revolute joints), P is Prismatic
(translation only), and S is spherical which can rotate any direction.
The Chebychev-Grübler-Kutzbach formula [3] describes the degrees of freedom
(DOF) of a single kinematic chain of a parallel robot and is used to aid in analyzing
parallel robots to ensure a mechanism is valid. In equation 1, D is the degree of
freedom of a kinematic chain, d is the degrees of freedom for an unconstrained body
(3 for planar, 6 for spatial), n is the number of links in the chain, g is the number of
joints and fi is the number of degrees of freedom allowed by the i
th joint.





Along with the many advantages inherent to parallel robots, there are still some
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drawbacks. The primary limitation is the comparatively small and complexly shaped
workspace. All of the limits from the arms interact to make the workspace a complex
shape and it can not achieve the same workspace volume when compared to a serial
robot of a similar size. Also, most parallel robots have singularities within their
workspace which can adversely affect performance. Singularities are points in the
workspace where the mechanism is unable to pass through and the robot needs to be
manually adjusted away from the singularity to resume operation.
Much of the current parallel robot research focuses on soft robotics, medical ap-
plications, and cable driven parallel robots. Soft robotics are made from elastic or
flexible materials and are focusing on applications with interaction with soft material
where too much force could easily damage it [4].
Some medical applications for parallel robots are exoskeletons, useful for rehabili-
tation [5, 6, 7, 8] or assisting workers to lift more [9]. Parallel robots are also being
studied for applications to give needles [10] and perform surgery [11, 12].
1.3 Cable and Tensegrity Mechanisms
Cable parallel manipulators consist of multiple cables that attach to an end effector on
one end of the cable and a base frame on the other. The base frame end can spool or
unspool the cables as needed, moving the end effector. The cables are spaced around
the end effector so that they can pull from opposing directions to keep all the cables
in constant tension. If a cable loses tension, then the positioning is indeterminate and
the system becomes difficult, if not impossible, to correctly control.
Cable parallel manipulators have some advantages over parallel manipulators, the
simple light weight structure needs less energy to move, and the workspace is only
limited by the cable attachment points. As well, the low inertia lends itself to high
speed applications [13].
The minimum number of cables, c, needed to control any given end effector is given
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Figure 2: Example Cable Driven Parallel Robot
by the equation c = D + 1 where D is the number of available DOF; 3 for planar
and 6 for spatial. This equation essentially means that if you have 6 possible DOF,
you will need 7 cables minimum to properly constrain the system. This redundant
cable allows the system to move through the numerous singularities, keeps all cables
in tension, and provides a more stable end effector.
There have been a variety of cable driven parallel manipulators designed; one
for use in a radio telescope [14], one that is entirely suspended so gravity keeps the
cables in tension [15], general structures and their optimizations [13, 16], and pose
estimation accuracy algorithms [17]. There have even been examples of using cable
driven parallel manipulators to measure the position of an object in 3D space [18].
More recent literature analyzes cable robots with deformable cables [19]. This is done
to increase pose accuracy and improve theoretical models.
The cable manipulators still have several problems [20], many of them are the same
or more complicated than traditional parallel robots. The most basic problem for
cable robots is that it is still difficult to properly determine the workspace boundaries
because the reachable poses are affected by the force on the end effector. Another
problem is most mechanisms require the cables to surround the end effector so there
is no chance the cables could lose tension, but it also creates a chance they could
5
Figure 3: Tensegrity Early Research Prototype
interact with objects in the workspace, or have interference between cables.
This research initially tried to use a combination of parallel robot arms and cable
actuators (coined a Tensegrity robot) to create a 6 DOF parallel manipulator, as seen
in Fig. 3. The Tensegrity mechanism is lighter than a standard parallel mechanism
and the rigid links overcome the need for the cables to surround the part reducing
potential collisions. However, this approach was abandoned when it was realized that
the structure had the same drawbacks as most parallel mechanisms; when it rotates
most of the reachable workspace is lost.
1.4 Motivation and Objectives
It is the goal of this manuscript to outline the conditions and design a 5 DOF parallel
robot that would work well in a variety of applications. The design seeks to overcome
the shortfalls of current UAV manipulators, and parallel manipulators in general. The
design is verified by constructing and testing the H-Delta in real world applications.
6
5 DOF are chosen rather than 6 as a design target because the rotation provided
by the additional degree of motion is often times not required, or is provided by the
tool attached to the end effector. If we consider a milling tool, the manipulator is not
required to rotate a about the axis of the tool. If a gripper is required, an additional
degree of rotation can be provided by the gripper itself or by using an additional
RUPU linkage connected to the end effector as in the Delta4 [21, 22]. The 5 degrees
of freedom also allows for the manipulator to have a simpler, stronger structure.
Most parallel robots with rotation and translation aspects have many associated
singularities; when three or more joints line up, making the position of the robot
mathematically indeterminate (unable to control or know the position). It is a goal of
this thesis to eliminate these singularities from the workspace while the end effector
is rotated and improve the rotation range over existing parallel robots.
Another problem with parallel robots is the workspace noticeably shrinks as the
end effector rotates. It is the final objective to have the workspace volume be less
affected by rotation, making it overall more useful.
1.5 Novelties and Contributions
This thesis proposes the H-Delta parallel robot, a 5 DOF design built upon the
strengths of the delta. The H-Delta adds two new decoupled rotational degrees of
freedom that perform better that the current state of the art 5 and 6 DOF parallel
manipulators. When the end effector of the H-Delta is rotated, much more of the
workspace remains viable. As well, the rotation angle does not affect the stiffness,
which can be a concern with existing parallel manipulators. As the H-Delta rota-
tes, there are also no singularities that enter the workspace, a common concern with
parallel robots.
A combination of cable and parallel robots, called Tensegrity parallel mechanisms,
are briefly introduced. Tensegrity mechanisms improve the workspace volume of pa-
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rallel mechanisms and has better stiffness than a purely cable mechanism.
This manuscript also presents the integration of a UAV with a parallel robot
as a manipulator. This allows the UAV to interact with its environment, even in
moderately windy conditions. The UAV manipulator allows access to dangerous or
difficult to reach locations. With this access the UAV could save money by retrieving
fallen objects, or turn valves to stabilize dangerous situations.
Recently, cameras mounted on UAVs are being used to identify problem areas in
crops, the H-Delta can retrieve samples of the potentially damaged crops to help the
farmers confirm the issue without needing to trample good crops to reach it.
A control system is detailed to guide the UAV manipulator. The control system
coordinates the three reference frames, tracks objectives for the manipulator to inte-
ract with, and grips the objective when it is within reach.
A light weight gripper is designed for the H-Delta. The camera is centered between
the fingers and the fingers can rotate independent of the camera.
1.6 Structure of the Thesis
After all the necessary preamble, this thesis begins with the introduction, outlining
the goals and motivation for the thesis, as well as the contributions.
The literature review covers the of state-of-the-art in parallel robotics research and
the necessary background leading up to the chapter covering the H-Delta design.
After specifying the H-Delta design, the analysis is performed by calculating the
inverse kinematics, and using that to calculate the total reachable workspace. The
analysis continues by finding the Jacobian matrix, which leads to the stiffness and
Dexterity analysis, further showing the advantages of the H-Delta design.
To particularize design parameters as well as provide a platform for developing a
controller for the H-Delta, the dynamics are calculated and verified with a simulation.
To create a reference point to objectively analyze the H-Delta, a comparable
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Stewart-Gough manipulator is analyzed in the same manner and the results are com-
pared.
By referencing the analysis, a design for a prototype is created as a proof of concept
H-Delta parallel robot. Using the new knowledge from the prototype combined with
the analysis a multi-objective optimization is performed to create a family of solutions
for the optimal H-Delta design.
The accumulation of knowledge in this thesis leads to a final prototype designed to
operate as a UAV manipulator. This allows a UAV, in windy conditions, to interact
with the surrounding environment.
To further illustrate the benefits of the H-Delta, several promising applications
are detailed, including a 5-DOF 3D printer, a pick and place machine, and use as a
mobile robot GPS antenna positioning mechanism.
The final chapter illuminates the conclusions drawn and proposes recommendati-
ons to further the H-Delta. The appendices provide the MATLAB code used in the
analysis for the H-Delta.
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2 Literature Review
2.1 Delta Robot and Similar Mechanisms
The background for this research begins with a deeper look at parallel robotics; spe-
cifically the Delta robot. The Delta robot was designed by Reymond Clavel in the
early 1980s and consists of three identical arms connected to the end effector with
120◦ rotation between each arm [23, 24, 25].
Figure 4: Delta Parallel Robot Single Arm Schematic
Figure 5: Delta Parallel Robot Schematic
The schematic of a single arm of the Delta robot is shown in Fig. 4. This figure
shows a side view of a single arm with a projected view of the parallel 4-bar linkage
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to show details not visible from the side. This format will be used to compare the
similar parallel robot arms in this chapter. The complete schematic of the Delta can
be seen in Fig. 5, to give a better idea how the schematic is laid out.
The cleverness of the Delta robot comes from the use of parallel 4-bar mechanisms
as part of an arm. The arm consists of a link connected to the base by a revolute joint
and connected to the 4-bar mechanism on the other end of the link. The two other
links connect to the end effector with spherical joints at the same spacing, so they
remain parallel no matter how it moves. By using the 4-bar mechanism any rotational
force on the end effector is spread out, making the mechanism much stronger than a
similar parallel robot with a single joint (such as a 3-RUU parallel robot, which has
theoretically identical movement).
It is possible to replace all the spherical joints in a Delta robot with revolute joints;
two revolute joints for each spherical [26]. This alteration of the Delta robot led to
the development of the University of Maryland Manipulator (UMM) seen in Fig. 6.
The UMM is kinematically identical to a Delta robot, but completely constructed out
of revolute joints. This has the benefit of reducing the cost and limiting the error
associated with spherical joints.
One thing overlooked by the University of Maryland Manipulator (UMM) is the
linkage dimension constraints. In the parallel 4-bar linkage there are two different
Figure 6: University of Maryland Manipulator Single Arm Schematic
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Figure 7: University of Maryland Manipulator Schematic
lengths, the length of the parallel links then the length between the horizontal joints.
The parallel link length was not allowed be larger than the joint distance. When it is
optimized the two lengths end up being the same.
The UMM behaves almost identically to the Delta robot, but an interesting note
caused by converting the spherical joints to revolute joints is that the end effector is
more constrained by each arm. This means that the 3rd arm in the mechanism doesn’t
need to be identical, it could be an RUS arm to constrain the single remaining end
effector movement direction. All three arms are kept the same because it is not over
constrained and it helps better maintain the orientation of the end effector.
Figure 8: Extended Delta Single Arm Schematic
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Figure 9: Extended Delta Schematic
The Extended Delta [27], with a single arm shown in Fig. 8, was developed
separately but follows a similar design to the UMM, in that it is constructed out
of all revolute joints. The difference being that the added link length of the parallel
linkage in the extended delta increases the workspace volume, improves the workspace
condition, and makes the movement more isotropic. This change results in a robot
with the same stiffness as an equivalent Delta, but increased workspace volume and
better dexterity. The complete structure of the Extended Delta is seen in Fig. 9.
There are more recent parallel robots with Higher DOF based around the general
delta design [28, 29]. The first being [30], which is a 6 DOF robot derived from the
Delta design which is essentially a 6-RUS parallel robot with the arms grouped in
pairs near each other.
The Delta4 is a delta robot with an additional RUPU linkage to the end effector
to control rotation of a tool [22].
Another Delta-style manipulator is the H4 parallel robot [31, 32], which uses 4
delta arms connected by 3 links with revolute joints to add a rotational DOF about
the vertical axis.
It is possible to design a parallel mechanisms with 5 DOF to have decoupled motion
using linear actuators and series of rotary joints [33]. This paper takes parallel robots
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and replaces links connected by two revolute joints with a parallelogram structure.
This spreads out the forces on the joint, making it easier to construct rigid joints. A
potential downside is that the arms need to be spread around most sides of the end
effector, requiring relatively large frames to hold the mechanisms. As well, some have
more complicated arm structures with several singularities, making control a more
difficult task.
2.2 Parallel Mechanisms
An important note about parallel mechanisms is that while it is simple to design one
that has 5 DOF, they do not always move orthogonally as expected. The movement
of the DOF can be coupled, meaning it is a combination of rotation and translation.
This makes it so the mechanism is not very useful for general applications or must be
augmented by coupling it with a gantry to allow full positioning possibilities.
One of the most common of higher DOF parallel mechanisms is the Stewart-Gough
manipulator, a 6-UPS parallel robot. There are other similar parallel mechanisms
described in texts [3, 34] and while they have different specific advantages, they still
have similar overall performance.
There is another category not yet discussed, hybrid parallel-serial structures. While
still classified as parallel structures, they have multiple motors per arm, where motors
are mounted to a moving link. This approach sacrifices one of the major advantages
of parallel mechanisms; stationary motors lowers the mass needed to move. Among
the hybrid category, some mechanisms have been developed with decoupled motion;
when it rotates it doesn’t affect the translation or vice versa [35, 36, 37, 38]. While
these configurations are useful because they allow slightly more mobility, the not fully
parallel structure requires stronger motors and has higher reaction forces on the base
due to the added weight.
Recently there have been design methodologies outlining the design of parallel
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structures with closed loops in the individual arms (closed loop mechanisms) [39, 40]
and 3, 4, or 5 DOF parallel structures with decoupled rotation and translation inspired
by closed loop mechanisms [41, 42]. The closed loop mechanisms use lower DOF planar
parallel mechanisms in parallel. The closed loops make it easier to control the position
of the joints further down the arm, making design requirements simpler to fulfill. The
presented mechanisms do provide slight improvements to the parallel structure, but
they still have a relatively large structure for the workspace volume. Additionally as
the mechanisms rotate, the workspace shape changes in complex ways, restricting the
usefulness.
Singularities are important to consider when designing a parallel manipulator.
While they are relatively straightforward in serial manipulators, they can take several
forms in parallel manipulators; kinematic errors or changes in stiffness [3, 32, 34, 43].
The parallel links within the Delta arm have even been examined for identifying
possible singularities within various configurations [44], allowing the singularities to
be extrapolated for similar cases.
2.3 UAV Manipulators
In recent years the technology needed for quadcopters and similar unmanned aerial
vehicles (UAVs a.k.a. multirotors or drones) has become cheap enough to be widely
adopted. While UAVs are gaining popularity, they are limited in their applications.
Current widespread uses for drones are mainly recreational (flying around for leisure
and entertainment) with some commercial applications, such as holding a camera and
gimbal to capture aerial footage. An example of the commercial application is using a
drone to survey a farmer’s field and remotely inspect the crops and look for problem
areas [45].
Researchers have begun to attach robotic manipulators to the drones, to greatly
widen their potential applications and allow them to interact with their environment.
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Several papers cover the use of single DOF actuators attached to drones [46, 47, 48].
These single DOF actuators are limited, in that they assume the drone has sufficient
position control to maintain the desired location. This means they are largely tested
indoors because it is difficult for the drone to maintain position in the wind.
Some researchers are utilizing drones with serial robotic arms attached [49, 50, 51].
These allow for a wide range of motion, however the main drawback is that they have
to move the weight of the motors, which means as the arm moves it is comparatively
heavy and has large reaction forces; in order for the drone to maintain its position it
needs to be larger. The higher reaction forces also makes the control more difficult,
and if it is not done correctly it can result in a unstable feedback loop between the
drone and robotic arm. Attempts to correct this have been carried out in multiple
ways, the first is a dynamic simulation of the complete system used to tune a controller
to minimize variations [52]. One serial arm has taken the approach of having more
than 6 DOF, so as it moves it uses the extra mobility to balance the forces of it’s own
motion [53]. A downside of this method is it requires a larger UAV to carry the extra
weight of the additional motors and the flight time will be more limited by available
power.
Other literature has taken the route of parallel robotics, where the motors are
attached to the drone and only the arm links move relative to the drone. This reduces
the reaction forces on the drone, ensuring it is simpler to keep stable. An approach
used by several researchers involves mounting a delta robot onto a drone while the
delta interacts with the environment [54, 55, 56].
The Delta robot is useful because it has light links, and can move quickly with
smaller forces than serial robots. A major limitation of a delta robot is it only has 3
degrees of freedom (DOF). This means that when the multirotor has to tilt to move
sideways or is buffeted by the wind, the delta can’t rotate to stay level with the
ground.
16
Multiple drones with a suspended cable parallel mechanism is also being explored
[57]. Each drone has one cable attached to it and the cables all attach to the end
effector. The drones require fast accurate position feedback to control the end effector
position and any disturbances such as wind can introduce significant error.
An alternate approach is to alter the multirotor so the frame doesn’t need to
rotate to apply sideways thrust. One avenue being explored is rotating the propellers
sideways to alter the thrust vector as needed [58]. While this does solves a problem,
it also increases the weight by requiring additional motors and increases the control
complexity. As well, if the manipulator needs to rotate to grab an irregularly placed
object, the entire UAV would need to rotate; potentially interfering with other on-
board systems.
A more traditional approach researchers are using is to attach the manipulator
to a helicopter [47], which posses far more control than a quadcopter or comparable
multi-rotor system. The disadvantage with is method is that the helicopter is signifi-
cantly more complex and expensive. It also requires a highly trained pilot where the
multirotors can be piloted with minimal training.
It’s with this UAV application in mind that the H-Delta is developed to allow




This chapter covers the structure of the H-Delta robot and the design decisions behind
the different aspects. The complete structure is shown first as a symbolic schematic,
and then as a CAD model to show what an example of the H-Delta looks like when
constructed.
The design constraints as well as any physical constraints that affect the workspace
are listed and analyzed to complete the H-Delta description.
3.2 H-Delta Design
The H-Delta robot is similar to the Delta robot, in that it uses parallel 4-bar linkages
in a similar manner to strengthen the parallel structure. The H-Delta expands the
parallel linkage use, and is able to rotate in two additional directions. The structure
of a single H-Delta arm is shown in Fig. 10. The rotation is accomplished by using
additional parallel 4-bar linkages attached between the existing 4-bar linkage and the
base. The new linkage contains a central link attached by a u-joint to the existing 4-
bar linkage and another u-joint to a motor that rotates about the X axis. The second
motor (which has the same movement as the delta) for the arm rotates about the
Y-axis and attaches to the middle of the central link using a two links and a u-joint.
The way the motor and links are attached within the H-Delta arm prevent the
central link from being able to move side to side (out of the X-Z plane in Fig. 10).
The second motor does this by only having revolute joints that are parallel to the
Y axis. This means that the H-Delta arm behaves largely the same as a delta robot
while still allowing the upper 4 bar linkage a new way to rotate. There are two side
links that act as two parallel 4-bar linkages with the center link to ensure the rotation




Figure 10: H Delta Single Arm Schematic
the motor. While it is possible to use only one parallel link, it can easily approach a
singularity where the position would be weak or kinematically indeterminate. Using
two parallel 4-Bar mechanisms here also makes the design much stronger.
These additional parallel 4-bar linkages improve the H-Delta in much the same
way a Delta improved upon the 3-RUU parallel robot, making it stiffer and more
usable.
The new H-Delta design needs two motors for each arm, one to control a rotation
angle about the Y axis and one for the rotation about the X axis. Since the end
effector can’t rotate about the Z axis, the H-Delta has a maximum of 5 DOF. Because
of this limit, the third arm only needs one motor (no rotation) so the mechanism is
not over constrained (the motors could fight each other for positioning control). Also,
because only one motor is needed for the third arm, it can be simplified to an RUS
linkage (a revolute joint, linked to a universal joint, linked to a spherical joint attached
to the end effector) without needing to alter the later calculations. The complete 3D
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Figure 11: H-Delta Schematic
H-Delta schematic with the third different arm is shown in Fig. 11.
Despite the more complex linkages compared to a Delta robot, for analysis pur-
poses the H-Delta is very similar. The main simplification comes from the fact that
the motor that controls the end effector rotation has no effect on the rest of the arm
(the motion is decoupled). The one exception is the movement of the arm attachment
point on the end effector caused by the rotation.
A complete CAD model is displayed in Fig. 12 to show an example of what the
H-Delta schematic will look like constructed out of physical pieces. This CAD model
is also useful to help determine where the motion limits for each motor are, where
the links interfere with each other, and how to optimize the design for maximum
movement ranges.
It is possible to obtain the same general motions of the H-Delta with an alternate
design by having a parallel 4-bar linkage attached to the rotation motor, same as
before. But instead of a central vertical link attached to the translation motor linkage,
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Figure 12: H-Delta CAD
it could be horizontal and connect to the mid points of the side links. This design
is precluded from further analysis because upon closer inspection this configuration
has additional singularities and the torsional stiffness could be an issue when the end
effector is close to the base as the arm approaches a singularity. The chosen design
with the vertical central link has redundant parallel 4 bar links which work together
and stiffen the design and eliminate a singularity.
3.3 Physical Constraints
In an ideal situation all the joints in a manipulator would be able to rotate freely to
all desired positions, but this isn’t the case for most robots. There are limitations
to the movement caused by physical constraints. When these constraints are known,
the controller can prevent links colliding. Other limiting factors are singularities,
where the robot is kinematically indeterminate (meaning the position can no longer
be known or controlled), or having a link entering the workspace where it might collide
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with an object.
The H-Delta has several physical constraints, the first are caused by the link
lengths. The end effector can’t move too close or too far from any base attachment
point, otherwise the links will not be able to reach the target position, being either
too short or too long.
The relative positions of any of the parallel 4-bar linkages is also a constraint. If the
links move too far in one direction, all four joints can line up and enter a singularity.
At this point the mechanism position is determined as much by gravity and inertia as
it is by the motor positions.
Due to interference between links, the motors have a given range of motion per-
mitted to prevent collisions. The two motors that allow for end effector rotation are
limited to be between ±π
4
rad from horizontal. The three motors that control trans-
lational movement are restricted to be between 0 rad (horizontal) and 1.48 rad (near
vertical).
In Fig. 12 It can be seen in the links that connect the translational movement
motors to the main arm are not straight. This is due to the motors and links interfering
as the arm approaches horizontal. The altered link shape allows more movement and
can be taken into account in the inverse kinematics as a simple angle offset; this way
it does not affect the end effector position.
A non-obvious constraint is that the parallel 4 bar link closest to the end effector
should go no further than horizontal. This is because if it does, the arm enters the
workspace and can collide with an object. While it would be possible to calculate if
the arm would hit any known objects in the workspace, slightly increasing the total
available volume, it is safest to assume it will collide.
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3.4 Conclusions
This chapter covered the design background and literature leading up to the H-Delta,
as well as reasoning for the H-Delta design choices, including any advantages and
disadvantages for each.
After the design of the H-Delta is described, it’s physical limitations are presented.
These limitations inform the performance in the coming chapters and prevent collisions




With the basic H-Delta robot design it is now necessary to calculate where the robot
can effectively reach. The complete volume the end effector can reach is called the
workspace. To calculate the workspace, first the inverse kinematics of the manipulator
are required. The inverse kinematics takes the desired end effector position, and
using the manipulator geometry, calculates the motor angles required to achieve this
position. As the position of the end effector is moved along a grid all reachable points
are saved, these make up workspace of the manipulator.
For all labeling purposes in this section Fig. 13 shows all the labeled vectors and
coordinate systems of a single arm of the H-Delta. For calculations, and because the
arms are the same, the labels will refer to the vectors as members of the ith arm, as
denoted by a small i in the lower right corner, e.g.
−→
di is vector d from the i
th arm.
A method used to make the calculations simpler for each arm is to rotate the
coordinate systems around the origin by φi, which is the angle between the arm to
the X axis; this makes the equations for each arm identical. The vectors rotated into
the new coordinate frame are in frame i, denoted by an i in the upper left corner of
the vector, such as i−→ai which denoted vector a for arm i in the reference frame of that
arm. The simpler calculations also reduce the required program size for the control
system.
The end effector, who’s origin is point E, has a separate coordinate system defined
by the unit vectors Xe, Ye, and Ze.
−→
PE defines the translation from the origin to the
end effector coordinate systems. Three unlabeled values, α, β, and γ, are the Euler
angles that describe the rotation of the end effector coordinate system relative to the
origin.
The motors angles are labeled as θ and ψ. θ is the angle that controls the trans-
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Figure 13: H-Delta Labeled
lational movement, the same as the delta robot, and ψ controls the angle of the end
effector.
Vector −→a describes the vector from the origin to the point the arm connects to
the base.
−→
b is the vector from the base attachment point to the middle joint. This
vector is only capable of rotating about the base attachment point perpendicular to
−→a . There are other linkages around it to control the exact arm position, but for
calculations it is beneficial to simplify to a single link, as the driving link is always
parallel. −→e describes the vector from the end effector origin to where the arms attach
to the end effector. i−→e is along the X axis of the end effector coordinate system.
The final vector
−→
d describes the vector from the end effector attachment point to the
middle joint of the arm.
The Jacobian matrix describes the relationship between the velocity of the end
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effector and the velocity of the actuated joints [3, 59].
To calculate the Jacobian equations, the inverse kinematics that relate the motor
positions (θ1,θ2,θ3,ψ1, and ψ2) to the effector positions (x,y,z,α,β, and γ) are the
starting point.
The Jacobian is defined as Jxẋ = Jq q̇ where ẋ is the Cartesian rate changes
(velocity) and q̇ is the actuator rate changes. After some rearranging of the equations
the Jacobian Matrix defined as J = J−1q Jx as described in [23, 59].
The Jacobian has some use beyond relating velocities; with some further analysis
it can be used to calculate the stiffness matrix, which relates the static forces on the
end effector with the needed reaction forces from the motors.
The Jacobian, or even the stiffness matrix, can be used to then calculate the
dexterity, which is a condition number that describes how easily an arbitrary force
on the end effector can be applied by the motors. This also works as an indicator of
how close the end effector is to a singularity, which affects the pose accuracy of the
H-Delta robot due to the higher forces.
The stiffness and dexterity are good ways to evaluate the workspace to see if
there are any weak points or points that should be avoided, if needed. The stiffness
and dexterity are also useful to consider during optimization to maintain a useful
workspace [60]. The stiffness keeps the robot from requiring too much force from




The inverse kinematics allows the motor positions to be calculated given the desired
end effector position. This allows the manipulator to reach a desired position or follow
a given path within the workspace.
The approach used to calculate the inverse kinematics used in this chapter is the
closed loop vector method. The vectors describing the various links (shown in Fig.
13) are added together until they form a closed loop, given in Eq. 2.
−→a +−→b +−→d = −→pe +−→e (2)
Vector −→e starts relative to the end effector origin, and to get it into the same
reference frame as the rest of the vectors, it needs to be rotated by the same angles
as the desired end effector position. The specifics are outlined in Eq. 3 where Rx and
Ry are rotation matrices about the X axis by α and Y axis by β respectively.
RyRx
e−→e = −→e (3)
To solve for the unknown components in the vector equation, it can be split into
its orthogonal components along X, Y, and Z directions.
Due to the design of the H-Delta it is simple to calculate the angle of the motor
that controls the rotation of the end effector, as it is the same angle as the rotation
of the end effector about the end effector X axis, which results in Eq. 4.
ψ = α (4)
After calculating −→e all of the point locations are now known, except point B, the
elbow between the base and end effector.





b is already in. The projected length of
−→
d into the X-Z plane is
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denoted as f, ||−→d || is simply written as d and the y component of −→d is written as dy.
f =
√
d2 − d2y (5)
With two known points, A and E, and two know distances, d and f, we need to
find the intersection between the two circles. The first step is to calculate the distance
between the two circle centers, given in Eq. 6.
dCalc =
√
(Dx − Ax)2 + (Dz − Az)2 (6)
To continue the calculations from this point, the distance between the circle cen-
ters, dCalc, must meet three physical conditions. If dCalc > b + f then the points
are too far apart, if dCalc < abs(f − b) then one circle is inside the other with no
intersection, and if dCalc = 0 and both radii are the same the points are coincident
with infinite solutions.
aCalc =
b2 − f 2 + dCalc2
2 ∗ dCalc (7)
hCalc =
√
b2 − aCalc2 (8)
Bx = Ax + aCalc ∗
Dx −Ax
dCalc
+ hCalc ∗ Dz − Az
dCalc
(9)
By = 0 (10)
Bz = Az + aCalc ∗
Dz −Az
dCalc
− hCalc ∗ Dx −Ax
dCalc
(11)
Eq. 7 through Eq. 11 cover the calculation of the distance between the lower
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link center and the line through the two possible intersection points (aCalc), one
half of the distance between the two possible intersection points (hCalc), and the
final intersection point between the two circles (Bx, By, Bz). There are two possible
solutions to the intersection point, but due to the mechanism design we can always
select the point with the higher X value.
To calculate the angle θ, Eq. 12 calculates the angle between the line base atta-
chment point to the calculated point and the X axis.
θ = atan2(Bz − Az, Bx − Ax) (12)
To calculate the second and third arm the simplest method is, as mentioned before,
to rotate the coordinate system so the arm lines up in the same manner as above,
then the same calculations can then be repeated.
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4.3 Workspace
The workspace is calculated by finding all reachable points on a grid. These points
can be visualized to understand the shape of the workspace and also the number of
points can be used to calculate the total reachable volume.
The various points of the workspace are found using a flood fill method. The flood
fill begins by checking a line of points extending up from Z = 0 until no more points
are found. More vertical lines are checked extending in the positive and negative X
direction until no more valid points are found in the plane. This is repeated in planes
offset in the positive and negative Y directions until no more points are found. The
flowchart depicting this process in more detail is shown in Fig. 14.
The calculated workspace points are then visualized as an Alpha shape. An alpha
shape is a Delaunay triangulation, which is a convex surface encapsulating all points,
which is then probed with a sphere with a designated radius (3x the distance between
the points in this case). If the sphere can contact a point through a triangle without
touching a point of the triangle, it becomes part of the surface representation [61].
Examples of the calculated workspace surface can be seen in Fig. 15 and Fig. 16.
The colours in the figures corresponds to the z height of that point. Yellow is the
highest point, green in in the middle and blue is the lowest Z point. The colour is
relative to the maximum and minimum Z positions in the figure, which can be seen
on the Z axis.
Fig. 15 shows the entire reachable workspace while the end effector is not rotated
in any direction. Fig. 16 shows what happens to the workspace when the end effector
is rotated π/6 rad (or 30◦) around the X axis. When compared, these figures shows
that the vertical size of the rotated workspace is limited, and the rotated workspace
shifts slightly to one side. The rotation results in a workspace that is 18.9% smaller
and asymmetrical, but still very usable.
Sub-figure a of Fig. 15 and 16 show the workspace from a top down trimetric
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Figure 14: Workspace Calculation Flowchart
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(a) H-Delta Workspace Top View (b) H-Delta Workspace Bottom View
Figure 15: Example H-Delta Workspace
(a) H-Delta Workspace Top View (b) H-Delta Workspace Bottom View
Figure 16: H-Delta Workspace With Rotated End Effector
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Table 1: H-Delta Rotation Workspace Change
Rotation (degrees) 0 10 20 30 40 50
Volume (mm3) 6.79E6 6.66E6 6.40E6 5.93E6 5.37E6 4.82E6
Relative Volume 100.0% 98.1% 94.2% 87.4% 79.1 70.9
view. Sub-figure b in both figures show the workspaces from the bottom to highlight
the shape of the three indentations caused by the three arms. When the end effector
is rotated the bottom shows how one arm more predominately defines the restrictions
of the workspace.
To better illustrate the effect of rotation on the workspace Table 1 records the
volume of the workspace as the end effector rotates in 10◦ (0.175 rad) increments using
the geometry defined later as a result of the optimization. The relative workspace
changes can be approximated by a second order polynomial.
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4.4 Jacobian Derivation
Using the closed loop vector equation, the kinematics of the H-Delta manipulator can
be described as seen in Eq. 13.
−→a +−→b +−→d = −→pe +−→e (13)




d = −̇→pe + −̇→e (14)
When the derivative is taken, −→a is removed because it does not change with respect
to time.
Eq. 14 can be subsequently be re-written as in Eq. 15 because the change with
respect to time of a vector can be written as the cross product of the rotation velocity
(ω) and the vector position [34].
ω1i × bi + ω2i × di = Vp + ωEi × ei (15)
In Eq. 15 i refers to the ith arm of the robot. ω1i is the rotational velocity of
vector b, ω2i is the rotational velocity of vector d, and ωEi is the rotational velocity
of vector e. bi, di and ei are labeled the same from the inverse kinematics. The final
term Vp is the velocity of the end effector.
The Eq. 15 can be rearranged by dot multiplying both sides by di to get Eq. 16
di · (ω1i × bi) + di · (ω2i × di) = di · Vp + di · (ωEi × ei) (16)
In Eq. 16, di · (ω2i × di) reduces to 0 because it is a scalar triple product with two
vectors the same. Now the whole equation can be rewritten as seen in Eq. 17.
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ωi1 · (bi × di) = di · Vp + ωE · (ei × di) (17)
The equations describing the vectors used in Jacobian calculations are given from
Eq. 18 to Eq. 26. The ith frame of reference for arm i is when the arm is rotated to
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Eq. 18 to Eq. 26 can be substituted into Eq. 17 to calculate Eq. 27, shown below.
−θ1i ‖b‖ (idix sin θi − idiz cos θ1i) = idixẋ cos φi + idixẏ sin φi−
idiy sinφiẋ+
idiy cosφiẏ +






This can then be simplified to isolate the terms needed for the Jacobian (Eq. 28)
jixẋ+ jiyẏ + jiz ż + jiαα̇+ jiβ β̇ + jiγ γ̇ = ‖b‖
(





idix cosφi − idiy sinφi (29)
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jiy =





idiz − idiyieiz (32)
jiβ =
ieiz
idix − idizieix (33)
jiγ = 0 (34)
Eq. 29 through Eq. 34 can subsequently be written into a matrix describing Jx,


















j1x j1y j1z j1α j1β j1γ
j2x j2y j2z j2α j2β j2γ
j3x j3y j3z j3α j3β j3γ
0 0 0 cosφ1 − sinφ1 0
0 0 0 cosφ2 − sinφ2 0


















The right half of Eq. 28 can be arranged in a matrix to describe Jx, the other half



















‖b‖ (1d1z cos θ11 − 1d1x sin θ11) 0







0 0 0 0
0 0 0 0
‖b‖ (3d3z cos θ13 − 3d3x sin θ13) 0 0 0
0 1 0 0
0 0 1 0


















Eq. 35 and 36 can be used to describe the Jacobian, as outlined in Eq. 37 through
39. Eq. 35 and 36 are evaluated in MATLAB for each point as needed then the
Jacobian can be calculated from these matrices.
Jxẋ = Jq q̇ (37)
q̇ = Jẋ (38)
J = J−1q Jx (39)
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4.5 Stiffness Analysis
The Jacobian matrix can be used to further analyze the H-Delta robot by calculating
the stiffness, or how much motor force is required to counter a force on the end
effector. For the purposes of stiffness analysis, it is assumed that most of the error in
the H-Delta originates at the motor, and the error in the joints is negligible [3].
Stiffness is defined as seen in Eq. 40, where k is a constant describing the stiffness
of the motors, J is the Jacobian matrix and K is the resulting stiffness matrix [3].
K = kJ−1J (40)
In Eq. 40 element (1,1) is the stiffness as in the x direction, (2,2) is the stiffness
in the y direction and (3,3) is the stiffness in the z direction. This means to get a
cumulative stiffness of the end effector the trace of the stiffness matrix is taken.
As the workspace is calculated, as outlined in 4.3, the stiffness matrix is calculated
at each point as well. The trace of the stiffness matrix is taken at these points and
they are visualized in Fig. 17 and in Fig. 18. Fig. 17 shows the workspace with no
end effector rotation and Fig. 18 illustrates what happens when the end effector is
rotated π/6 rad around the X axis. All units on the axes are in mm.
As seen in Fig. 17, the stiffness increases as the manipulator approaches the upper
portions of the workspace. This is because the arms approach a singularity where the
arms are vertical and the joints begin to line up straight. While useful to note, this
does get in the way of seeing how the stiffness varies throughout the remainder of
the workspace. This is adjusted for by removing the Z stiffness from the trace of the
stiffness matrix, summing only the X and Y values. As well, the stiffness points have
had the maximum stiffness limited to remove one or two extreme values near the edge
of the workspace to better see the variance. The new stiffness figures are shown in
Fig. 19 for the non-rotated end effector and Fig. 20 for the end effector rotated by
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Figure 17: H-Delta Stiffness
Figure 18: H-Delta Stiffness Rotated End Effector
π/6 rad.
It can be seen in Fig. 19 that the stiffness of the H-Delta manipulator improves
around the edges of the workspace as the manipulator approach the singularities that
define the workspace boundaries.
The stiffness is lowest when the links in the upper and lower portions of each arm
are perpendicular, which is where the end effector could apply the largest torque to
the motors. This is in accordance with what is expected and verifies the Jacobian
matrix and stiffness are calculated correctly.
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Figure 19: H-Delta Stiffness Adjusted
Figure 20: H-Delta Rotated Stiffness Adjusted
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4.6 Dexterity Analysis
The dexterity of a robot can be measured by the condition number of the Jacobian






The dexterity of the parallel robot can also be defined as written in the following







By using the min and max Eigenvalues of the stiffness matrix, this method avoids
having to calculate the inverse of the Jacobian. This helps save time during calcula-
tions, improving the optimization times later. Also, since the Eigenvalues are used as
a ratio, it negates the effect of the stiffness scalar value, k.
Figure 21: H-Delta Dexterity
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Figure 22: H-Delta Dexterity Rotated End Effector
The calculated dexterity for zero end effector rotation is shown in Fig. 21 and the
dexterity where the end effector is rotated π/6 is shown in Fig. 22.
In Fig. 21 we can see that the dexterity is higher towards the extremities of the
workspace, this is due to the singularities that the the arms approach there. Apart
from these three poor condition points, the dexterity is fairly even, indicating that
the majority of the workspace is far from singularities and evenly useful.
When the end effector is rotated as seen in Fig. 22, there are a few higher points




This chapter initially covers the first steps in analysis; calculating the inverse kine-
matics, and measuring the reachable workspace. The workspace is useful as a per-
formance indicator and shows that as the end effector rotates most of the original
workspace is still reachable. This means that one of the outlined goals for the H-delta
is met, specifically that the workspace is largely maintained as the end effector rotates,
which most parallel robots struggle doing.
The calculations for the Jacobian matrix are outlined, which is used to further the
H-Delta analysis. Further calculations allow the stiffness and dexterity of the H-Delta
to be found for each point, in the same manner as the workspace was calculated.
These points are visualized across the workspace and the patterns verify that they
were calculated correctly, so they can be used confidently in later analysis.
The stiffness and dexterity results indicate that the design meets the goal set out;
that the workspace is consistent with no singularities, no matter the end effector
orientation.
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4.8 H-Delta to Stewart-Gough Comparison
To provide a reference point to give the analysis context, it is compared to the Stewart-
Gough parallel robot. The selected Stewart-Gough manipulator is configured for
this analysis so it has comparable dimensions to the H-Delta that result in a similar
workspace size. This allows the relative changes when rotating the end effector to be
compared for the workspace volume, stiffness and dexterity.
While there are examples of delta robots adapted to be 6 DOF structures [30] they
essentially reduce to a 6-RUS parallel robot. For the purposes of this analysis a 6-RUS
is very similar to the Stewart-Gough manipulator. The Stewart-Gough manipulator
is thus chosen to compare to the H-Delta as it is more common.
There are also several hybrid parallel 5 and 6 DOF manipulators such as [35, 36],
which still either suffer from singularities in the workspace and/or a severely limited
workspace when rotated, leaving the Stewart-Gough as one of the closest mechanisms
to compare.
(a) Top View (b) Bottom View
Figure 23: Example Stewart-Gough Workspace
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(a) Stewart-Gough Workspace Top View (b) Stewart-Gough Workspace Bottom
View
Figure 24: Stewart-Gough Workspace With Rotated End Effector
Fig. 23 shows the calculated Stewart-Gough workspace. The actuators used in the
calculations can range from 100mm to 250mm for comparable results. The actuators
are attached the the base along a circle of radius 118mm from the origin, and they are
attached to the end effector along a circle of radius 90 from the end effector origin.
Fig. 23 and Fig. 24 are coloured to help display the z height; yellow is the highest z
value, transitioning through green to blue at the lowest z values.
When the end effector is rotated by π/6 rad about the x axis, the resulting
workspace is displayed in Fig. 24. π/6 rad (30◦) is chosen here for comparison as
it is a reasonable rotation to expect from a manipulator and it is at the edge of po-
tential usefulness of the Stewart-Gough. The rotated workspace is more difficult to
display due to the complex shape, so the bottom view is from a lower angle than the
unrotated end effector workspace to let the colours better show the shape. The rotated
end effector causes the workspace volume to become 49.1% of the size of the unrotated
workspace, with much of it being unusable due to its closeness to singularities.
The effects of the rotation can be seen across a range of values in Fig. 25 for
both the Stewart-Gough and H-Delta (calculated earlier in chapter 4.3) parallel me-
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Figure 25: Workspace Volume vs Rotation Comparison
chanisms. The H-Delta workspace, when rotated by π/6 rad and compared to the
unrotated workspace was 81.1% of the unrotated size, compared to 49.1% for the
Stewart-Gough. We can see the the H-Delta retains much more of it’s workspace
volume when rotated, making it a much more versatile machine.
When we compare the Stewart-Gough stiffness shown in Fig. 26, we see that while
the stiffness is lower in the center of the H-Delta Workspace (Fig. 19), it is highest in
the center of the Stewart-Gough workspace. Comparing the rotated workspaces, the
H-Delta (Fig. 20) doesn’t change much from the unrotated position, but the Stewart-
Gough manipulator stiffness overall lessens towards the extremities of the workspace,
which are the majority of the workspace as it has now been limited by the rotation.
This comparison shows that the H-Delta is an effective design that remains stiff as it
moves around and as the end effector rotates.
The dexterity of the Stewart-Gough, seen in Fig. 27, shows how close the robot
is to a couple singularities at different points in the workspace. For the unrotated
portion of the figure, it can be seen that the dexterity across the workspace is roughly
the same. The exception being where it approaches the singularities towards the
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(a) Unrotated End Effector (b) Rotated End Effector
Figure 26: Stewart-Gough Stiffness
(a) Unrotated End Effector (b) Rotated End Effector
Figure 27: Stewart-Gough Dexterity
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bottom, indicating a worse condition.
In the rotated portion of Fig. 27 there is a line that can be seen in the lower left of
the figure, this is where the end effector passes through a singularity where the base
attachment joints of the actuators line up with the end effector plane. This means
that any points on the lower left side (relative to the figure view) are unreachable.
This singularity could be less of a problem for other configurations of Stewart-Gough
manipulators depending on the dimensions, but they are still present and need to be
taken into consideration.
When comparing the H-Delta dexterity in Fig. 21 and Fig. 22 to the Stewart-
Gough dexterity it can be seen that they are fairly similar. The H-Delta robot has
singularities at the extreme edges of the workspace while the Stewart-Gough has them
on the bottom edges, but neither affect the performance significantly. The advantage
of H-Delta is that when it is rotated; there are no additional singularities to avoid,
and unlike the Stewart-Gough robot, it remains in good condition.
The Stewart-Gough comparison solidifies the results stated earlier; The H-Delta
has a good workspace even as the end effector rotates. The stiffness of the H-Delta
is also comparatively good and there are no singularities that impact the workspace




A dynamic simulation is important because it helps describe how a mechanism will
perform, and outline the requirements of the motor to produce the desired movements
[66]. The dynamic calculations inform design choices when a prototype is constructed,
as well as providing the necessary design parameters for the final control system.
There are several proposed dynamic methods available for parallel robots [34].
The Newton-Euler formulation is more conceptually straight-forward; the equations
of motion are written out for each body. Unfortunately, this becomes very cumbersome
for parallel robots and produces a large number of equations. The principle of virtual
work is more efficient than the Newton-Euler method and works well for more complex
6-DOF parallel manipulators. The Lagrangian formulation of the first form is useful
because it eliminates the unwanted reaction forces, making the analysis simpler. As
well, the Lagrangian works well for parallel mechanisms with simpler geometrical
relationships [67].
The decoupled motion of the H-Delta makes it simpler to calculate the constraint
functions describing the motion relations between the end effector and actuators.
Due to these simplifications the Lagrangian equations of the first form are chosen to
calculate the dynamics. If the structure were closer to a general 6-DOF parallel robot
with six separate arms the Virtual work method would be better suited.
For convince, the labeled H-Delta schematic is reiterated in Fig. 28 with a few
additional links labeled that are relevant to the dynamics calculations.
−→
b ai is the
length of the link attached to the motor, controlling the angle of θi. In the case of




b bi connects the driving link to
the central link
−→
b , and remains horizontal at all times by design.
−→
b ci is the shortest
distance from the motor axis of ψi to the universal joint of a parallel link (both parallel
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links are the same distance).
−→




Figure 28: H-Delta Schematic
5.2 Calculations
The Dynamics of the manipulator can be described in sets of equations. In the first set
of equations described in Eq.42, the only unknown is λi, the Lagrange multiplier. The
Lagrange multipliers can then be calculated and used in the second set of equations,



































In Eq. 42 and 43, Γi represents the constraints created by the mechanical structure;
one constraint equation is need for each DOF. L is the Lagrangian equation and Fj
is any force applied at the end effector origin. qj represents the set of redundant
coordinates (x,y,z,α,β,θ1,θ2,θ3,ψ1,ψ2). The coordinates x,y,z,α,β represent the end
effector position and rotation, while θ1,θ2,θ3,ψ1,ψ2 are the motor positions.
The first step to developing the dynamics equations is to find the Lagrangian
equation, which consist of the kinetic energy minus the potential energy of the system.
5.2.1 Kinetic Energy
In the following equations, K is the kinetic energy, Kp is the kinetic energy of the end
effector. Kbi and Kdi are the kinetic energy of the links attached to the base and end
effector respectively.








































































































The additional variables relating to the link inertia are Im, which is the inertia of
the motor, Ie and which is the inertia of the end effector. mb is the weight of one of
the three parallel links in
−→
b , mbb is the weight of the link that connects the motor
to
−→
b , and md is the weight of one of the two parallel links in
−→
d . The rest of the
dimensions needed have been mentioned previously and are provided in Fig. 28.
5.2.2 Potential Energy
The potential energy, U , is the summation of the potential energy in the end effector
and the links in each of the three arms, given by Up, Ubi, and Udi. The total kinetic
energy is given in Eq. 53.




(Ubi + Udi) (49)




mbgcb sin θi (51)
Udi = 2mdgc (Pz + b sin θi) (52)






(sin θ1 + sin θ2 + sin θ3) (53)
All of the masses are the same as the kinetic energy equations, but the new vari-
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ables are gravity, gc, and the height of the end effector,Pz.
5.2.3 Lagrangian Formulation
The Lagrangian formula, as stated earlier, is the Kinetic energy minus the potential
energy. When we take Eq. 48 and 53 and substitute them into this relationship, the
resulting formula is seen in Eq. 55

























































(sin θ1 + sin θ2 + sin θ3)
(55)
For the dynamics equation, we need the partial derivatives of the Lagrangian with














































































































































































The constraint equations are a geometrical relationship that relate the end effector
position to the actuator positions. In the case of the H-Delta, the relationship is that
the distance from the point where the two links meet, to the point where the links
attach to the end effector, is equal to the length of
−→
d . This constraint works for the
first three of five constraint equations and is described in Eq. 77.
Γ1i = BiDi
2 − d2 = 0 (76)
Γ1i = (Px cosφi − Py sinφi + e cos β cos2 φi − e sinα sin β cosφi sin φi+
e cosα sin2 φi − a− b cos θi
)2
+ (Px sinφi + Py cos φi+
e cos β cosφi sinφi − e sinα sin β sin2 φi − e cosα cosφi sin φi
)2
+
(Pz + e sin β cosφi + e sinα cos β sinφi − b sin θi)2 − d2
(77)
Due to the decoupled rotation of the H-Delta it needs an additional constraint for
ψi. The second constraint described in Eq. 78 is that the rotation of ψi is equal to
the rotation of the end effector about the x axis in the frame of reference of the ith
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arm.
Γ2i = ψi −i α (78)
Converting the end effector rotation into global coordinates yields Eq. 79.
Γ2i = ψi + α cosφi − β sinφi = 0 (79)
For the dynamic equations, we next need to calculate the partial derivatives of Γi
with respect to generalized coordinates. These results are shown in Eq. 80 to Eq. 94
∂Γ1i
∂Px
= 2 cosφi (Px cosφi − Py sinφi + e cos β cos2 φi−
e sinα sin β cosφi sin φi + e cosα sin
2 φi − a− b cos θi
)
+
2 sinφi (Px sinφi + Py cosφi + e cos β cosφi sin φi−
e sinα sin β sin2 φi − e cosα cosφi sinφi
)




= 2 cosφi (Px cosφi − Py sin φi + e cos β cos2 φi−
e sinα sin β cosφi sin φi + e ∗ cosα sin2 φi − a− b cos θi
)
−
2 sinφi (Px sin φi + Py cosφi + e cos β cosφi sinφi−
e sinα sin β sin2 φi − e cosα cosφi sin φi
)




= 2 (Pz + e sinα cos β sin φi + e sin β cosφi − b sin θi) for i = 1 to 3 (82)
∂Γ2i
∂α




= − sin φi for i = 1 to 3 (84)
∂Γ1i
∂θ1
= 2b sin θi (Px cosφi − Py sinφi + e cos β cos2 φi−
e sinα sin β cosφi sinφi + e cosα sin
2 φi − a− b cos θi
)
−
2b cos θi (Pz + e sinα cos β sin φi + e sin β cosφi−




= 0 for i = 2 to 3 (86)
∂Γ1i
∂θ2
= 2b sin θi (Px cosφi − Py sinφi + e cos β cos2 φi−
e sinα sin β cosφi sinφi + e cosα sin
2 φi − a− b cos θi
)
−
2b cos θi (Pz + e sinα cos β sin φi + e sin β cosφi−




= 0 for i = 1, 3 (88)
∂Γ1i
∂θ3
= = 2b sin θi (Px cosφi − Py sinφi + e cos β cos2 φi−
e sinα sin β cosφi sinφi + e cosα sin
2 φi − a− b cos θi
)
−
2b cos θi (Pz + e sinα cos β sin φi + e sin β cosφi−




= 0 for i = 1 to 2 (90)
∂Γ2i
∂ψ1




= 0 for i = 2 to 3 (92)
∂Γ2i
∂ψ2
= 1 for i = 2 (93)
∂Γ2i
∂ψ2
= 0 for i = 1 and 3 (94)
5.2.5 Lagrange Multiplier Calculation
Substituting the calculated derivatives into Eq. 42 creates a system of linear equations
where it is possible calculate λi as the unknowns. The ensuing equations are provided




λi2 cosφi (Px cosφi − Py sinφi + e cos β cos2 φi − e sinα sin β cosφi sin φi+
e cosα sin2 φi − a− b cos θi
)
+ 2 sinφi (Px sinφi + Py cosφi + e cos β cos φi sin φi
−e sinα sin β sin2 φi − e cosα cosφi sin φi
)





λi2 cosφi (Px cosφi − Py sinφi + e cos β cos2 φi − e sinα sin β cosφi sin φi+
e cosα sin2 φi − a− b cos θi
)
− 2 sinφi (Px sinφi + Py cosφi + e cos β cosφi sin φi−
e sinα sin β sin2 φi − e cosα cos φi sinφi
)





λi2 (Pz + e sinα cos β sinφi + e sin β cos φi − b sin θi) = (mp + 6md) P̈z+












λi (− sin φi−3) = IE β̈ − τpβ (99)
5.2.6 Torque Calculations
All of the necessary equations formulated up to this point can be substituted into
Eq. 43 to solve for the actuator torque. The torque equations that use the previously






















sin θ1 (Px cos φ1 − Py sin φ1 + e cos β cos2 φ1−
e sinα sin β cosφ1 sinφ1 + e cosα sin
2 φ1 − a− b cos θ1
)
−
























sin θ2 (Px cos φ2 − Py sin φ2 + e cos β cos2 φ2−
e sinα sin β cosφ2 sinφ2 + e cosα sin
2 φ2 − a− b cos θ2
)
−
























sin θ3 (Px cos φ3 − Py sin φ3 + e cos β cos2 φ3−
e sinα sin β cosφ3 sinφ3 + e cosα sin
2 φ3 − a− b cos θ3
)
−





















ψ̈2 − λ5 (104)
5.3 Calculation Results
The dynamic equations are entered into a MATLAB to create a program to calculate
the required torques for a given end effector path. The chosen example is to move
the end effector in a circle while tilting the end effector towards the outside of the
circle. The specific path followed is given in Fig. 29. The resulting motor positions
required for the end effector movement are provided in Fig. 30 and the corresponding
acceleration is presented in Fig. 31.
Figure 29: Dynamics Calculation Desired End Effector Trajectory
The calculated dynamic torque results are presented in Fig. 32. The three transla-
tional motors (M1 through M3) vary from 0.09 N*m to 0.48 N*m and. The rotational
motors do vary slightly, but it is difficult to see because the required torque depends
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Figure 30: Dynamics Calculation Motor Trajectories
on a relatively small inertia to rotate the end effector and arms. The largest fac-
tor affection rotation is if a torque is applied to the end effector and it needs to be
countered to maintain orientation.
Figure 31: Dynamics Calculation Motor Acceleration
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Figure 32: Dynamics Calculation Motor Torque
5.4 MATLAB Dynamic Model
To verify the calculations and have an alternate method to test control systems with
CAD geometry, a CAD model of the H-Delta is imported to MATLAB and constructed
as a Simscape Multibody dynamic model. The CAD model used is the same size as
the prototypes used later in chapters 8.1 and 8.2.
A view of the setup in MATLAB showing the dynamics model is given in Fig. 33
with the Simulink control system given in Fig. 34.
Figure 33: MATLAB Dynamics Window
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Figure 34: MATLAB Dynamics Control System
A simple PID controller is constructed for each of the 5 motors modeled, as well as
an algorithm that generates the target position based on a time input and the desired
movement pattern. The pattern used here is the same is in the dynamics calculations
and is described in more detail in chapter 5.3. The inverse kinematics translate the
target end effector position to desired motor position and then the PID controller
outputs the torque for each motor in N*m. When the system is run it calculates 5
seconds of movement and will display the model moving as well as record the motor
position error (in rad) and motor effort (in N*m).
In this simulation, the parts are all assumed to be an average density and do not
account for added weight to the end effector, such as a gripper and camera. As well,
the motor inertia is not modeled, so the resulting torques will be slightly lower than
the previously calculated values. The results are still useful because they show the
general performance of the mechanism and provide a useful test bed to design and
test control systems.
The simulated results are seen in Fig. 35. The first point of interest is that the
torque required by M3 is less than M1 or M2. This varies from the calculations, but
both are still correct; the simulated third arm is the simplified mechanism where the
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Figure 35: MATLAB Dynamics Simulation Torque
Figure 36: MATLAB Dynamics Simulation Error
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dynamic calculations assumed the third arm was identical to the other two and ψ3 is
just a passive joint.
It is important to note that for the first quarter of a second the system is coming
to rest because the system did not start in a stable state, much as would happen with
a physical prototype.
Because the system is being guided by a PID controller, there are slight errors in
the positioning which are shown in Fig. 36. Once the system has had time to settle
and the integral portion of the controller has had time to adjust, the average motor
error peaks at ±0.025 rad (1.4°)
5.5 Conclusions
The dynamics formulation successfully provides a way to calculate the torque required
of each motor to allow it to follow a specified path. This indicates that the motors
must be able to provide at least 0.5 N*m torque for minimum acceptable control.
These calculations also lay the foundation for designing a successful control system
and provides specifications to build a physical model.
The dynamic simulations reveal that to construct the H-Delta, a motor that can
produce at least 0.5 N*m for continuous performance, and ideally 1 N*m for a fast star-
tup, should be selected for reliable performance. With a preliminary control system
it is also possible to control the motor to within 0.025 rad error. These simulations
not only provide a robust control system testing platform, they verify the dynamics




With the general structure of the H-Delta defined and analyzed, it is now necessary to
find the optimal link lengths that will result in the best overall performance. There are
various studies researchers have performed that examine the optimization of parallel
robots, what dimensions make the biggest difference, as well as what attributes to
optimize to result in the best performance [68, 69].
The best place to start is to look to the work of other researchers who have analyzed
and optimized the delta robot [70, 71]. The optimization by Kelaiaia et. al. alters
three general dimensions available (the distance from the origin to the first link in
an arm, the length of the first link and the length of the second link) and various
kinematic and dynamic calculations are used as performance indicators. Specifically,
the indicators used are the workspace volume, dexterity and energy required to move.
The H-Delta optimization in this chapter is accomplished by using a multi-objective




d (see Fig. 13 in chapter
4.1). While −→a and −→e could be considered, they generally are more optimized when
they are smallest, limited by the requirements of the mechanics. For example a larger
−→a shrinks the workspace volume with negligible changes in stiffness.
The optimization function given to the GA has two inputs for the link lengths. The
function outputs the negative average workspace volume, negative average stiffness,
and average dexterity across the workspace. The workspace and stiffness are negative
so as the GA minimizes them, they end up being maximized.




d that the GA control are limited to be between
60mm at minimum and 300mm maximum to keep the mechanism within predefined
size limits - this is to make sure it works well with a small scale application later.
The GA parameters are set so the population size is 50, and the initial population
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are randomized. The best 5% of the generation are elite and automatically become
part of the next generation. The selection for the remainder of the population is a
tournament with size 2; the algorithm pairs them off and selects the best of the pair
to reproduce. The selected population then crossover to create 80% of the remaining
population with the other 20% being mutated.
To crossover the parents, a random weighted average is applied to each of the input
parameters. The mutation is determined by the direction of the objective function
(improving or not) for the previous generations and this determines how much and
what direction the parameters change.
The fitness value is determined by a distance crowding algorithm that keeps the
objective function results spread out. The Pareto front is 35% of the total population
size and made up of individuals not dominated by other results, meaning that they are
one of the best examples of an optimization for a single objective or a good balance
between them all.
The optimization determines it has reached its final iteration and ends if 5000
generations are calculated, or if the spread of the Pareto front changes less than a
given limit over the number of stall generations.
6.2 Optimization Results
The optimization to find the ideal family of link lengths is first performed with two
inputs to the objective function and the two outputs of the function are workspace
volume and dexterity. This two objective optimization is to test that the objective
function performs as expected and properly converges. The Pareto front of this test
is shown in Fig. 37 and the resulting values are shown in Table 2.
It can be seen from the results in Table 2 that the two objective optimization
results in a set of solutions where the two links are roughly the same length. There
are a few sets that have the length of
−→
b as slightly longer than
−→
d and vice versa.
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Figure 37: Two Objective Optimization Pareto Front
Table 2: Two Objective Optimization Pareto Front
Index f1 (in mmˆ3) f2 (dexterity) x1(~b in mm) x2(~d in mm)
1 -2.70E+04 91.44 91.44 99.60
2 -2.05E+06 159.80 159.79 143.68
3 -1.78E+07 270.21 270.21 229.95
4 -1.94E+07 273.87 273.87 236.78
5 -7.31E+06 201.39 201.38 195.95
6 -4.50E+06 197.70 197.70 163.17
7 -2.74E+07 294.07 294.07 261.67
8 -3.02E+07 299.24 299.23 269.59
9 -2.43E+05 105.15 105.15 112.20
10 -1.47E+07 245.03 245.03 224.29
11 -8.26E+06 218.21 218.21 200.50
12 -2.47E+07 284.53 284.53 225.38
13 -1.33E+07 253.37 253.37 213.58
14 -2.10E+07 260.42 260.42 251.09
15 -2.13E+06 169.65 169.66 141.67
16 -6.21E+05 119.66 119.66 131.21
17 -6.18E+06 190.03 190.03 190.46
18 -5.96E+06 207.29 207.29 178.33
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Figure 38: Three Objective Optimization Pareto Front
The full optimization of the H-Delta is a three objective optimization. The three
objectives are workspace volume, stiffness, and dexterity. The results of the three
objective optimization is shown in Fig. 38 and the final data is shown in Table 3. To
maximize the effect of the advantages of the H-Delta, the optimization is performed
when the end effector is rotated by π/6 rad about the X axis. This ensures the
resulting workspace is optimized to handle rotation.
In Fig. 38 the three axes represent the three objective values. The colour of the
Pareto front point corresponds the the height of the point; the higher the objective 3
value is, the more yellow the point. As an additional visualization aid is the size of





The Pareto front largely lies upon the three axes. If objective 1 is optimized it
is at the expense of objective 2 and vice versa. If Objective 3 improves, it provides
more flexibility in the trade offs between objective 1 and 2.
Something to note about Table 3 is that it appears to have a few repeating ele-
ments, but they vary on a small level which is lost with the number of significant
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Table 3: Three Objective Optimization Results
Index f1 (in mmˆ3) f2 (stiffness) f3(dexterity) x1(in mm) x2(in mm)
1 -6.89E+06 -1.82E+07 25741.25 131.78 283.92
2 -3.75E+07 -3066.82 1298.97 298.18 298.04
3 -6.89E+06 -1.04E+07 23645.09 131.78 283.92
4 -2.70E+04 -3672.10 280.98 90.93 99.50
5 -1.08E+07 -3352.01 165793.37 155.15 296.7
6 -6.89E+06 -1.57E+07 26979.80 131.78 283.92
7 -1.171E+07 -3178.00 90516.86 200.82 289.80
8 -1.12E+07 -3311.16 71324.31 158.99 295.13
9 -6.89E+06 -1.21E+06 19834.28 131.78 283.92
10 -6.89E+06 -8.05E+06 22958.20 131.78 283.92
11 -6.89E+06 -1.43E+07 24646.42 131.78 283.92
12 -1.08E+07 -3352.05 184144.56 155.14 296.72
13 -6.89E+06 -4.05E+06 21475.81 131.78 283.92
14 -3.42E+07 -3065.62 1211.17 293.25 287.69
15 -1.40E+07 -3237.90 105336.56 180.53 284.62
16 -2.16E+07 -3054.78 1016.23 293.34 240.61
17 -2.70E+04 -3672.10 280.98 90.93 99.50
18 -6.89E+06 -1.92E+07 25741.25 131.78 283.92
figures displayed.
The Pareto front results indicate the best family of parameters where all three
objective are balanced have the length of ~b the same or shorter than vector
−→
d . If
both link lengths are the same it allows the workspace volume to be optimized, but
this results in worse stiffness and dexterity.
The optimization results are distilled into the link lengths of ~b = 140mm and
−→
d = 200. A point was chosen from the optimization results that was a good balance
of all three objectives, and it was scaled to fit the desired application as a UAV
manipulator (discussed later).
6.3 Conclusions
The optimization results in a family of values where ~b slightly shorter than
−→
d . The
data indicates that the the overall link lengths can be chosen to best suit the desired
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application and stiffness needs.
These results are similar to the design of Delta manipulators. This similarity is
good because it shows the optimization has applicable results, and it also optimizes
the improvement of the H-Delta design.
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7 Applications
7.1 5-DOF 3D Printer
An application for the H-Delta robot is use as a 5-DOF fused deposition modeling
(FDM) 3D printer. The benefits of a 5-DOF printer over a more common 3-DOF
(translational movement only) printer is that the added degrees of freedom allow the
extruder to change angles.
Some research has taken place that allows rapid wire frame printing [72], with
further research that has been expanded to use a 5-DOF FDM printer to quickly draw






Figure 39: Proposed Uses for Variable Payer 3D printing
An unexplored advancement, variable layers, could allow for the layers in 3D prin-
ting to be non-flat. This could allow for an algorithm to adjust layer angles and
thicknesses based on model geometry. Fig. 39 highlights elements of what a proposed
variable layer print might look like. Element A shows that in thinner columns in the
model the layers could all turn to one side, which would increase surface area between
layers. This improves the strength of the thin features because the interface between
layers is always the weakest point of FDM printing [74, 75, 76].
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Element B illustrates how variable layers could improve overhangs in 3D printing.
Typically, it would be impossible to print a part this shape without removable sup-
ports, which greatly increase handling time and/or cost of the part. Using variable
layers the system can align the layers to be more normal to the edge of the part, slo-
ping down in this case. This allows for the overhang to be printed in smaller sections,
so the layers do not sag while printing.
The adjustable layer angles and thicknesses also allows for improved printing speed
and detail. Where the model is simpler, the layers can be made thicker to improve
speed and where they are more complex, the layers can be made thinner to improve
resolution. Element D in Fig. 39 shows an example of this where the layers are turned
to be slightly more normal to the surface and thinner at the top of the model. On
a traditional FDM printer this section of the model can have large gaps between the
edges of layers, giving the print a look like tree rings or topology lines on a map.
Element C shows a partial layer, which is needed because the smaller layers along
the outside edge created too much of a slope. To correct the angle back to flat, partial
layers fill the gaps.
Figure 40: H-Delta 3D Printer Mock Up
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Fig. 40 shows what a H-Delta 5 DOF 3D printer could look like. The H-Delta is
inverted compared to how it has previously been presented, so it is easier to view the
object being printed as well as use gravity to help hold the object on the build plate.
7.2 Pick and Place Machine
A common use for the delta robot is as a pick-and-place machine. The H-Delta can
expand on this application by quickly sorting irregularly shaped objects.
A historical example of pick and place robots are a gantry robot, which is easily
constructed but heavy. The SCARA robot, which has 3 revolute joints and one
prismatic joint is a serial robot that has found use as a pick and place machine. A
version of the Delta robot that has also found use in industry, and is seen in Fig. 41.
Figure 41: Delta Robot Pick and Place, Image Courtesy of Faunc
The task of a pick and place robot is as the name describes, to take an object from
one place and move it to another. A common application is to remove a product from
a conveyor belt as it is finished being made, and place it in its package. The delta
robot is well suited to this because it is fast and precise. Where the delta falls short
is picking up irregularly shaped objects that don’t have a flat surface on top to grip.
For these cases a custom gripper must be made which can be costly and takes manual
labour to change for each application.
The H-Delta is an improved pick and place option because if an object has no flat
surface on top the end effector can rotate to better grip the object. A good example
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Figure 42: H-Delta Pick and Place Example
of this is a triangular object, where no matter how it is placed a point is always facing
upward. The H-Delta has an advantage because it can turn and grab a side of the
shape. Because the H-Delta can rotate, it can also stack the objects in creative ways
such as stacking the smaller triangular shapes in a larger triangular stack, making
packing more efficient and allowing for more creative package designs. This example
is portrayed in Fig. 42.
7.3 Mobile Robot GPS Antenna Positioning
GNSS systems allow devices the ability to find their location anywhere on earth. This
is a useful ability because it allows autonomous navigation of unknown terrain and
can correct for drift in other localization methods. Historically, GPS has provided
results within the range of 10 meters.
More recently, GPS antennas have become even more accurate, and with the
proper correctional models GNSS antennas (GPS or GLONASS) can provide location
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Figure 43: Example Serial Arm Antenna Adjustment
Courtesy http://www.geopp.de/media/docs/pdf/gpp gnss08 antenna f.pdf
results within 3mm or less [77, 78, 79, 80, 81, 82, 83]. These very precise localization
methods lend themselves greatly to mobile robotics.
A manipulator is needed to adjust the antenna position because the phase center,
where the perceived center of the antenna is, can vary from the physical center of the
antenna depending on a number of factors. One factor that greatly affects antennas
accuracy is the angle of elevation relative to the antenna. This is generally overcome
by the correct selection of antenna, as there are some designed to eliminate this effect.
The robotic manipulators used in literature widely consist of large serial robotic
arms as seen in Fig. 43. Serial robots are impractical for mobile robotics due to the
large motors and heavy links; a more suitable solution is to attach a parallel robot.
As stated in the introduction of this thesis, parallel robots are stiffer and lighter
compared to equivalent serial robots but the one disadvantage is the workspace size.
The workspace volume doesn’t matter as much when used for antenna positioning as
the phase center will be within a relatively small area.
H-Delta is a lightweight solution that can adjust the antenna position in the needed
5 DOF with the speed and accuracy required. A mock up of what this robot might
look like is given in Fig. 44. The H-Delta is advantageous because the antennas need
to be adjusted both translationally and rotationally, which the H-Delta does well.
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Figure 44: H-Delta GNSS Antenna
7.4 UAV Manipulator
When the H-Delta is mounted on a drone, it is then possible to stabilize a camera
to survey its surroundings, as well as use an attached gripper to manipulate the
environment. Interaction is useful to explore buildings, where it is impossible or very
difficult for humans to enter due to location or health hazards. When inside the UAV
could turn valves, push buttons, or retrieve small to medium sized objects.
The H-Delta robot could also be combined with a UAV for use in agricultural
applications. UAVs are already being used to survey farmers fields and inspect crops.
But, with a manipulator added, the drone could identify problem crop areas and
retrieve a sample for verification of any problems. This could all be done without the
farmer needing to trample good crops to find and inspect the bad areas, increasing
yield.
The UAV can also use the manipulator to retrieve smaller downed drones that
have failed in remote locations, not easily accessible by foot.
Fig. 45 shows a CAD mock up of an H-Delta attached to the underside of a drone.
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Figure 45: Drone and H-Delta
Figure 46: Drone and H-Delta Deployed
The drone chosen to hold the H-Delta is the DJI S1000+ because of it’s large carrying
capacity, high quality flight controller and the legs can fold up out of the way of the
H-Delta as seen in Fig. 46.
7.5 Conclusions
In conclusion, this chapter presents promising applications that suit the advantages
created by the H-Delta, outlined in the previous analysis. These applications all take
advantage of the H-Delta’s increased capabilities compared to other parallel robots





By constructing a prototype of the H-Delta, it is possible to test the functionality
and verify that the design behaves as expected. Constructing a prototype can also
reveal any unexpected weaknesses, such as configurations where the stiffness is greatly
reduced in one direction.
For fabrication of the H-Delta, a computer aided design (CAD) model is designed
so that the parts may be produced through rapid prototyping. This allows for rapid
design iteration that leads to the design presented.
8.1.2 Design Details
Most of the parts for the prototype are 3D printed out of ABS, and each joint is
designed to use two 3x6x2.5mm bearings with a shouldered M3 screw to secure the
parts together. This creates a simple and low friction joint, which is also very stiff
and wear resistant compared to a purely 3D printed joint.
The complete CAD model for the prototype can be seen in Fig. 47, without any
bearings or screws so the shape of the parts are clearer. The light grey shapes towards
the bottom of the figure are Dynamixel AX-12 servo motors. The end effector, while
not having a tool, does have a few holes for mounting objects as needed to measure
performance under varying conditions.
8.1.3 Prototype
The constructed prototype is shown in Fig. 48. The base is laser-cut plywood to keep
the structure light and stiff. The motor mounts are screwed to the base with all the
axles at the same height in the X-Y plane of the origin.
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Figure 47: H-Delta Prototype CAD
Figure 48: H-Delta Prototype
Figure 49: H-Delta Prototype Rotated
81
Figure 50: H-Delta Prototype Mounted on UAV
Fig. 50 shows the prototype mounted onto the underside of a DJI S1000+ octo-
copter. While it doesn’t have the necessary electronics to be controlled while flying,
it is useful to test the size and positioning for future considerations.
8.1.4 Experimental Results
The prototype is controlled over a serial connection from MATLAB. The H-Delta is
controlled in distinct patterns to test different elements and evaluate different aspects
of its performance.
The first set of tests is to simply move the end effector up and down. This is done
along the Z axis (X and Y are 0) to make sure all the arms are behaving the same. The
second test is to move the end effector up and down offset from the center to see how
straight it tracks, and see the effect of any joint errors on the movements. This tests
the accuracy of the translational movements, which are also required considerations
for calibrating the Delta robot. The third test has the end effector rotate around the
center of an object placed on the end effector, testing all of the H-Delta movements.
There have been several papers outlining how to correct position errors in parallel
robots such as the Stewart-Gough manipulator [84] and the Delta robot [22, 85].
Many of these methods can be used to correct the positioning in the H-Delta, but this
chapter is just interested in what errors exist, not necessarily compensating for them.
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Figure 51: Measurement Camera Setup
Figure 52: Measurement Camera View
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All of the measurements in this chapter are taken using a camera to track a fiducial
marker placed on the end effector. The tests are performed using a camera at 640x480
resolution with a 2.8mm focal length providing a 65° field of view. The object being
tracked is a ArUco marker with an ID of 28, and a side length of 25mm. Because
the marker is a known size and shape it is possible to extract the pose relative to the
camera. The setup used to take the measurements can be seen in Fig. 51 and because
the camera is fixed relative to the base of the robot, the tracked position relative to
the camera can be easily adjusted to be relative to the H-Delta origin. The camera
is attached to a fixed frame in the upper left of the picture. An example of what the
camera sees is in Fig. 52.
These tests are performed to check for parasitic motion affecting the pose accu-
racy. Parasitic motion occurs due to joint tolerances of the physical models causing
compound errors. The compound errors cause undesired motion of the end effector
[86, 87]. Specifically in a parallel 4-bar linkage, as used here, there can be an unin-
tended change in the functional length as well as a slight rotation in the plane of the
linkage [88].
The X and Z end effector positions correspond to the x and y position on screen
and the distance to the object (Y) is found by using the calculated focal length, the
known width of the object, and the measured width of the object.
The results of the first test, moving up and down in the center of the robot
workspace, are shown in Fig. 53. Beta is the angle of rotation about the Y axis,
X is the position of the end effector left and right relative to the camera, Y is the
position of the end effector in and out relative to the camera, and Z is the movement
in the vertical direction. The value of Z has been shifted 250mm down to allow more
detail to be seen in the figure.
The ideal result for the first test would show the Z value varying in a sinusoidal
pattern from -25mm to 25mm (225mm to 275mm from the base origin) while the X
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Figure 53: Movement Test 1
and Y values remain 0. The results show that the end effector moves as expected,
the Z movement follows the desired path while the X and Y vary only slightly. X has
±2.5 mm error and Y has slightly more error at ±4mm variations. The error in X and
Y can be seen to vary proportionately to the z height, so they could be reasonably
compensated for on the controller side of the system. Another measurement of interest
is that beta varies by ±0.025 rad (±1.4°).
The second motion pattern results can be seen in Fig. 54, where the Z position
varies in a sinusoidal pattern from 25mm to -25mm (275mm to 225mm from the base
origin), the X position is held at 50mm to the side, and Y is constant at 0.
The second test shows again that the movement in the Z direction is as intended,
but the movement in the X direction has a measurable parasitic motion, varying by
±2.5 mm, the same error as with the end effector centered. The Y movement is ±4
mm, about the same as with the end effector centered. The rotation about the Y
axis is measured to have a small variation of about ±0.026 rad (±1.5°), again showing
the translation motors are effectively decoupled from the rotation of the end effector.
These values do show a slight parasitic motion, but it can be reduced by improving
construction tolerances.
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Figure 54: Movement Test 2
The third pattern is designed to test the H-Delta rotation, so it only rotates around
the center of the fiducial marker. Specifically, the H-Delta should rotate around the
Y axis by ±1/4 rad (14.3°). This is a test of the coordination of all the motors;
combining the translational motors (equivalent to the Delta) and the rotation from
the new H-Delta motors. Fig. 55 illustrates how the end effector moves through the
third test.
As the end effector rotates, the measurements in Fig. 55 show that there is slight
X and Y movement of about ±2mm and the Z position has slightly more movement
from +3 to −5mm. It is worth noting that as the end effector rotates, the parasitic
motions are proportional to the rotation, making it easy to adjust for through the
control system.
8.1.5 Conclusions
This first prototype covers the design of a H-Delta and the reasoning behind various
design choices. The construction is documented and the resulting performance is
measured using a camera to track the end effector position. The results reveal that,
86
Figure 55: Movement Test 3
while there is some parasitic motion in the prototype, it fulfills its purpose and works
as a practical application of the previous analysis. The prototype also exposes some
areas for improvement to increase positional accuracy.
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8.2 UAV Prototype
8.2.1 H-Delta Manipulator Design
The second prototype presented in this chapter is designed to fulfill the UAV mani-
pulator application as described in Chapter 7.4. This application requires additional
features to be included in the H-Delta, including an IMU sensor, camera, and rota-
ting gripper. As well, the H-Delta and systems need to run off of a battery and be
constructed as light as possible to maximize flight time and minimize reaction forces.
The main task for this prototype is to use the camera to locate an objective below
the UAV, and when the user flies close enough to the target the manipulator will
stabilize centered above the target. When the UAV gets closer still, the H-Delta
will automatically reach out and grip the object. While holding it, the manipulator
stabilizes movement to minimize acceleration on the carried object.
The dynamic analysis in chapter 5 provides insight to the required torque to ac-
tuate the H-Delta, so to that end a motor with a minimum torque of 1.5 N*m is
specified for a max payload of 0.5kg.
The computer vision camera on the H-Delta uses colour tracking to locate the
object below the UAV. The object to retrieve will have two coloured markers on it
that will allow the H-Delta to tell the distance to the object, as well as placement
relative to the end effector origin. The distance is found by comparing the known
distance between the coloured points on the object to the measured distance and
using the camera’s focal length to calculate the distance to the object.
The end effector is designed to have the camera attached so the lens is centered
on the end effector origin. If the camera was attached to the base, either the arms or
the end effector could get in the way of the object being tracked.
Because the camera is in the center of the end effector, the gripper needs to be on
either side of the camera, and because the H-Delta has no rotation about the Z axis,
the gripper needs to rotate about the z axis to grasp objects from every angle.
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Figure 56: Final H-Delta prototype CAD
To actuate the gripper, a bowden cable is run to the end effector. When it is
pulled, it can apply a force to close the gripper without applying a net force on the
end effector. Doing so moves the gripper motor to the base, keeping the end effector
light so it can move quickly and not impose larger reaction forces on the UAV.
The rotation motion of the end effector is is accomplished by having a RUPU
(Rotational, universal, prismatic, and then universal) linkage connect from the base
to the end effector, it is set up in such a way to freely move and only control the
rotation.
Fig. 56 shows the CAD design of this version of the H-Delta prototype. It again
has no screws or bearings in the model so it is clearer to illustrate the shapes of the




The final constructed version of the H-Delta intended for use as a UAV gripper is seen
in Fig. 57, with a closeup of the end effector in Fig. 58, showing a better view of the
gripper and camera.
By test fitting the first prototype onto the UAV, it was also determined that this
prototype should be constructed slightly larger to increase the workspace, but not so
large it can no longer fit under the UAV while landed. The added weight isn’t too
much of a concern, as the UAV platform chosen can carry well above the allotted
weight and the extra size affords more design flexibility for this testing platform.
Figure 57: UAV H-Delta Prototype
To help save weight and increase stiffness, where possible carbon fiber rods are
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Figure 58: UAV H-Delta End Effector Closeup
used. For complex parts where ABS plastic is too flexible, the parts are cut on a mill
from a hardwood, because it is sufficiently stiff and easy to machine. The base to hold
all the parts in place is laser cut from acrylic
The final prototype, mounted on the UAV, can be seen in Fig. 59. This picture
shows the front of the UAV while it is landed with the H-Delta in the stowed position.
While attached to the drone, the H-Delta is powered by a LiPo battery separate from
the UAV power system.
Fig. 60 is a picture of the H-Delta in the flying UAV positioned over the target
object. It can be seen that the UAV landing gear folds out of the way. The H-Delta is
activated using a wireless radio and while it’s activated the H-Delta operates according
to the control system described in the next section.
8.2.3 Control System
The control system provides a means to convert the sensor input and desired motion
into a path for the H-Delta. The control system can be broken down into 3 discrete
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Figure 59: H-Delta Mounted On UAV
sections that work together; IMU tracking, inverse kinematics, and vision tracking.
The inertia measurement unit (IMU) tracking is used for position stabilization;
it tracks the movement of the H-Delta base relative to an absolute reference frame
and counters the movement by moving the end effector the opposite direction. The
IMU is a sensor package containing a 3 axis accelerometer, 3 axis gyroscope and a 3
axis magnetometer. If the whole system is moving, the IMU also helps to smooth the
movements of the end effector, decreasing accelerations on held objects.
The Inverse kinematics use the calculations in chapter 4.2, which relate the desired
end effector position to the motor positions needed. This translates the IMU position
to stabilize movement and maintain end effector position.
Based on the previous analysis, if the desired stabilization target moves too close
to the edge of the workspace, it is gently adjusted to move towards the center. This
prevents the H-Delta from approaching areas with poor condition (Dexterity). The
centering also allows the drone to fly around without a locked target position, but still
stabilize the movement when hovering. While the drone is traveling, the accelerations
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Figure 60: H-Delta In Flight
Figure 61: Tracking Camera View With Detected Object
on the end effector are being minimized and the rotation is still being stabilized,
lessening forces on any held objects.
The third control system component is the computer vision system, it is used to
track and localize a target object. The tracking is accomplished by using a camera to
track the location, size, and orientation of a programmed target as seen in Fig. 61.
The distance to the object is then estimated by comparing the known size of the object
to the size of the object seen by the camera. If the estimated distance is closer than
the minimum the system switches into target tracking mode. Target tracking uses the
IMU stabilization and adds the object location to maintain a constant position with
the camera centered above the object.
When the manipulator moves closer to the object past the gripping threshold, it
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will automatically reach out and grab the object. As the gripper extends the H-Delta
stiffness increases, allowing for more accurate force application on the objective. After
gripping the object, the control system then switches back to the earlier stabilization
mode without camera tracking. The complete control system flow diagram is shown
in Fig. 62.
The H-Delta is mounted to the UAV with rubber vibration isolation. This de-
couples the high frequency vibrations from the payload (H-Delta and batteries). The
control system runs at 50 Hz, allowing it to compensate for lower frequency vibrations
and gross movements.
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Figure 62: Control System Flow Diagram
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8.2.4 Experimental Results
The measurements for the results of the final prototype are performed the same way
as in chapter 8.1.4. A camera is used to measure the position (X, Y, and Z) and
rotation (β) of the end effector by tracking a fiducial marker. The setup is seen in
Fig. 63 with an example of what the camera sees in using the setup in Fig. 64.
Figure 63: Prototype Measurement Setup
Figure 64: Measurement Tracking Camera View
Three tests are going to be performed, the first being moving the fiducial marker
on the end effector along the Z axis from 225mm to 275mm while X and Y remain
centered at zero. The second test is again moving the Z axis from 225mm to 275mm
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Figure 65: Prototype 2 Movement Test 1
but now the X position is being held at 50mm and Y remains centered at zero. The
third test is done having X at 0, Y at 0 and Z at 250, but rotation varies about the
Y axis (β) by ±π/6 rad (±30°).
The results of the first test are charted in Fig. 65. The vertical axis indicates X,
Y, and Z positions in mm and the rotation angle β in radians. The horizontal axis
shows time in seconds. The Z value has been reduced by 250mm so it centers around
0, this is to make the remaining details larger. This is used across the remaining tests
in this section to keep the details as visible as possible.
The results show that this prototype is constructed better than the first proof-of-
concept prototype. There is slight movement in the X direction, about ±2mm, and
the Y measurements indicate roughly ±3mm of variation. The angle also indicates
good operation, varying no more than ±0.5°.
The second test results in Fig. 66 shows that the parasitic X and Y motion
(±2.5mm) is slightly reduced compared to the first prototype. The angle varies ±0.57°
indicating improved function as well, compared to the first prototype.
The results for the third test in Fig. 67 have the X, Z, and angle β. As the end
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Figure 66: Prototype 2 Movement Test 2
effector rotates it can be seen there is a slight parasitic motion in the X, Y and Z
direction of just under ±2mm. It is interesting to note that the X error is larger
in one direction than the other. This is most likely due to the third arm having a
simpler structure, so it provides slightly less support in this direction, creating the
asymmetrical movement shown. The X and Z variations are interestingly proportional
to the absolute value of the angle while the Y direction is proportional to the angle.
When the end effector is flat the X and Z error is lowest and the more it turns the larger
the error becomes. This relationship also indicates that this could be compensated in
software, improving the performance further.
8.2.5 Conclusions
This chapter successfully outlines the design of an H-Delta and constructs a second
prototype, a UAV manipulator. The second prototype combines the knowledge from
the previous chapters into a fully developed application. The control system is also
described in detail that allows the H-Delta to operate semi-autonomously in flight,
which allows a single pilot to control a UAV to interact with its surroundings. All the
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Figure 67: Prototype 2 Movement Test 3
necessary sensors, as well as how they are integrated into the system, are provided to
give a deeper look into the design.
To verify the prototype design, the H-Delta is run through a series of trials to test
various aspects of the robot’s performance. The results shown reveal that the second
prototype with the optimized dimensions and improved tolerances reduce the error
and parasitic motion, compared to the earlier proof of concept.
The H-Delta UAV prototype is designed to run off of a battery and be remotely
activated. When activated, the H-Delta is capable of localizing and retrieving a target
object from the environment.
An advantage this prototype illuminates is that the H-Delta rotation motors don’t
need much torque and can easily rotate the end effector. This verifies the dynamics
calculations in chapter 5. Also because the motors aren’t constantly loaded it is simple




This manuscript has presented a novel parallel robotic mechanism. The H-Delta is
a 5-DOF parallel robot that encapsulates the advantages of the delta structure and
expands them with two additional, decoupled, DOF. The rotation does not have the
same detriments as other 5 and 6 DOF parallel robots. As the H-Delta rotates the
workspace doesn’t reduce to nearly the same extent as comparable parallel manipu-
lators, making the H-Delta a good fit where the stiffness of a parallel robot is needed
as well as a high degree of rotation.
In this thesis the fundamental kinematics are illustrated along with the impor-
tant workspace volume, mechanism stiffness, and dexterity values. These results are
contrasted to a comparable parallel robot, the Stewart Platform. This shows the ad-
vantages of the H-Delta over the Stewart Platform, and other similar 5 and 6 DOF
parallel robots. The H-Delta can retain better stiffness and workspace volumes no
matter the rotation angle. Since the rotation of the H-Delta is decoupled from the
translation, it also increases the ease of controllability.
A dynamic model of the H-Delta is calculated and presented to test the design
requirements of the system, and provide a platform for controller development. The
dynamics are calculated using the Lagrangian formulation of the first type, and are
verified by creating a multi-body simulation in MATLAB.
To further illustrate the advantages of the H-Delta and verify functionality, a
prototype is constructed. When the prototype positional accuracy is tested, it reveals
that the end effector positioning is accurate to within ±4 mm. The results reveal that
while there is some parasitic motion in the prototype, it fulfills it’s purpose and works
as a practical application while revealing further areas for improvement. Overall the
prototype illustrates that the H-Delta is a promising design.
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To further the the H-Delta design, the link lengths are optimized to obtain pa-
rameters for best design practices. The optimization is performed using a genetic
algorithm and alters two link lengths. The system considers the workspace volume,
stiffness, and dexterity to find an optimal family of solutions.
To explore the possibilities of the H-Delta, several promising applications are outli-
ned and one was chosen to further develop; using the H-Delta as a UAV manipulator.
A gripper with an additional rotation DOF is added to make the H-Delta a full 6
DOF manipulator, able to compensate for any movements of the UAV. The H-Delta
successfully stabilizes the end effector and effectively interacts with the environment.
The UAV semi-autonomously retrieves an object placed on the ground when the pilot
flies close enough for the gripper to reach.
Overall the H-Delta manipulator presented in this thesis is a 5 to 6 DOF robot
that performs well in applications where rotation is needed and other parallel robots
can’t provide the necessary workspace when rotated.
9.2 Direction for Future Research
To continue research on the H-Delta any of the mentioned applications could be
expanded upon, including a 5 DOF 3D printer, GNSS antenna position correction for
phase center offset, and as an advanced pick and place machine.
A future avenue to consider in developing the H-Delta is to make all 3 arms
identical, so the end effector position is over constrained. While this was avoided for
this thesis due to added complexities, it could actively be used to improve the H-Delta
design. Over-constraints in parallel mechanisms can intentionally be used to adapt
the stiffness of the mechanism as desired to better suit performance needs[89].
The UAV application could also benefit from having a mathematical description
of the workspace. This helps the inverse kinematics quickly determine whether the
desired point is inside or outside the reachable area, and how close it is to the boundary
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to proportionately adjust to the center if it is detected the UAV is moving, enlarging
the functional workspace over the current spherical assumption.
To increase the performance of the UAV an analysis of the fully integrated system
can be performed to design a better control system
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ment Gosselin. Singularity analysis of 3t2r parallel mechanisms using grassmann–
cayley algebra and grassmann geometry. Mechanism and Machine Theory,
52:326–340, 2012.
[44] Raffaele Di Gregorio. Determination of singularities in delta-like manipulators.
The International Journal of Robotics Research, 23(1):89–96, 2004.
[45] E. Raymond Hunt, Michel Cavigelli, Craig S. T. Daughtry, James E. Mcmurtrey,
and Charles L. Walthall. Evaluation of digital photography from model aircraft
for remote sensing of crop biomass and nitrogen status. Precision Agriculture,
6(4):359–378, 2005.
[46] Hugh Durrant-Whyte, Nicholas Roy, and Pieter Abbeel. Construction of cubic
structures with quadrotor teams. 2012.
[47] Paul EI Pounds, Daniel R Bersak, and Aaron M Dollar. The yale aerial ma-
nipulator: grasping in flight. In Robotics and Automation (ICRA), 2011 IEEE
International Conference on, pages 2974–2975. IEEE, 2011.
[48] Daniel Mellinger, Quentin Lindsey, Michael Shomin, and Vijay Kumar. Design,
modeling, estimation and control for aerial grasping and manipulation. In 2011
IEEE/RSJ International Conference on Intelligent Robots and Systems, pages
2668–2673. IEEE, 2011.
[49] J. R. Kutia, K. A. Stol, and W. Xu. Canopy sampling using an aerial mani-
pulator: A preliminary study. In Unmanned Aircraft Systems (ICUAS), 2015
International Conference on, pages 477–484, June 2015.
[50] J. R. Kutia, K. A. Stol, and W. Xu. Initial flight experiments of a canopy
sampling aerial manipulator. In 2016 International Conference on Unmanned
Aircraft Systems (ICUAS), pages 1359–1365, June 2016.
106
[51] Kye Morton and Luis F. Gonzalez. Development of a robust framework for an
outdoor mobile manipulation uav. In IEEE Aerospace Conference 2016, Big Sky,
Montana, March 2016.
[52] V Lipiello and F Ruggiero. Cartesian impedence control of a uav with a robotic
arm. In 10th IFAC Symposium on Robot Control, 2012.
[53] T. W. Danko, K. P. Chaney, and P. Y. Oh. A parallel manipulator for mobile
manipulating uavs. In 2015 IEEE International Conference on Technologies for
Practical Robot Applications (TePRA), pages 1–6, May 2015.
[54] A. Torre, D. Mengoli, R. Naldi, F. Forte, A. Macchelli, and L. Marconi. A
prototype of aerial manipulator. In 2012 IEEE/RSJ International Conference
on Intelligent Robots and Systems, pages 2653–2654, Oct 2012.
[55] J. L. J. Scholten, M. Fumagalli, S. Stramigioli, and R. Carloni. Interaction control
of an uav endowed with a manipulator. In Robotics and Automation (ICRA),
2013 IEEE International Conference on, pages 4910–4915, May 2013.
[56] A. Q. L. Keemink, M. Fumagalli, S. Stramigioli, and R. Carloni. Mechanical
design of a manipulation system for unmanned aerial vehicles. In Robotics and
Automation (ICRA), 2012 IEEE International Conference on, pages 3147–3152,
May 2012.
[57] Damien Six, Abdelhamid Chriette, Sebastien Briot, and Philippe Martinet. Dyn-
amic modeling and trajectory tracking controller of a novel flying parallel robot.
IFAC-PapersOnLine, 50(1):2241 – 2246, 2017. 20th IFAC World Congress.
[58] Evan Kaufman, Kiren Caldwell, Daewon Lee, and Taeyoung Lee. Design and
development of a free-floating hexrotor uav for 6-dof maneuvers. In 2014 IEEE
Aerospace Conference, pages 1–10. IEEE, 2014.
[59] J. P. Merlet. Jacobian, manipulability, condition number, and accuracy of parallel
robots. Journal of Mechanical Design, 128(1):199–206, 2006.
[60] M. Arsenault and R. Boudreau. Synthesis of planar parallel mechanisms while
considering workspace, dexterity, stiffness and singularity avoidance. Journal of
Mechanical Design, 128(1):69–78, 2006.
[61] Herbert Edelsbrunner and Ernst P. Mücke. Three-dimensional alpha shapes.
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10 Appendix A MATLAB Inverse Kinematics Code
All files should be in a single folder set to the active directory in MATLAB.
Lines might be broken up with ellipsis (...) where too long, these should be removed
to execute the code.
File “HDeltaCalc.m”
function [q,stiffness,dexterity,errorFlag ] = HDeltaCalc(...
...x,y,z,alpha,beta,linksToOptimize )
%calculate inverse kinematics, Jacobian, Stiffness, and Dexterity






%due to the mechanism there is no rotation about z in the parallel













if (errorStatus == 0)%rotate coords to -120 deg and calculate third arm




%update the output only if everything works
if (errorStatus == 0)
errorFlag=0; %theta=[theta1,theta2,theta3];
%psi=[psi1,psi2,psi3];
q=[theta1 theta2 theta3 psi1 psi2 psi3];
else
errorFlag=errorStatus;














Jx=[d1(1)*cPhi1-d1(2)*sPhi1, d1(1)*sPhi1+d1(2)*cPhi1, d1(3), ...
... e1(2)*d1(3)-e1(3)*d1(2), e1(3)*d1(1)-d1(3)*e1(1), 0;




0,0, 0, cPhi1, -sPhi1, 0;
0,0, 0, cPhi2, -sPhi2, 0;







J=Jq\Jx;%AKA mldivide, computationally quicker than inv(Jq)*Jx
%%%%%%%%%%%%%%%%%%%%%%%%%
%Calculate Stiffness (Forces on Motors)
k=1;
Stm=1000*k*(J’)*J;%the 1000 converts from N/mm to N/m
stiffness=trace(Stm);
%%%%%%%%%%%%%%%%%%%%%%%%%





function [thetaArm,psiArm,di,ei,errorAlert] = ...
... HDeltaSingleArm(x0,y0,z0,alpha0,beta0,phi0,linksToOptimize)
%x,y and z are the coordinates of the center of the end effector
%alpha is rotation about x, beta is rotation about y, phi is the
%rotation from the X axis to the current arm plane
%thetaArm is the angle of the delta joint in the x-z plane
%psiArm is the rotation about the x axis
112
%di is the vector describing the link attached to the end effector
%ei is the vector from end effector origin to attachment point
ver=2;%prototype version
if(ver==1)
% mechanism dimensions (general constants) in mm
a=118;%distance from origin to first r joint
b=120;%length of first link
d=180;%length of parallel linkage
e=52;%length from end point to r joint on end effector
elseif(ver==2)
% mechanism dimensions (general constants) in mm
a=118;%distance from origin to first r joint
if(phi0<0)a=110;end
b=140;%length of first link
d=200; %d=180+c;%length of parallel linkage
e=52;%length from end point to r joint on end effector
else
a=118; %distance from origin to first r joint
b=linksToOptimize(1);%length of first link
c=0;%new c length, +ve is extra parallel length (not used here)
d=linksToOptimize(2);%length of parallel linkage
e=52;%length from end point to r joint on end effector
end




Rxy=Rot3d([0 1 0],beta)*Rot3d([1 0 0],alpha); %rotate about x and y
Rz=Rot3d([0 0 1],phi);%rotation matrix to rotate about z
Rz2=Rot3d([0 0 1],-phi);%rotation matrix to rotate back around z
Pe1=[e 0 0];%position of the u joint on the end effector
f=0;%length between end of first link joint and joint on end effector
Pee=(Rz2*[x0;y0;z0])’; %position of the end effector (given)
Pb=[0 0 0];%position where the two links meet (calculated later)



























Pe2=(Rz*Pe1’)’;%rotate end effector point to arm attachment location
Pe3=(Rxy*Pe2’)’;%rotate end effector about x and y
Pe4=(Rz2*Pe3’)’;%rotate attachment point back around z
Pe=Pe4+Pee;%convert to global coordinates
ei=Pe4;





%find the intersection of the end effector plane and a plane parallel to






psi1= atan2(Nline(3),Nline(2));%calculate arm rotation angle
%psi1=-atan2(N1(2),N1(3));%this is the same as above and quicker,





%calculate length of parallel link projected into x-z plane
f=sqrt(d^2-Pe(2)^2);
%calculate distance between Pa and Pd in x-z plane
dCalc=sqrt((Pe(1)-Pa(1))^2+(Pe(3)-Pa(3))^2);
%make sure links can reach each other are are non zero









Pb(2)=0; %calculate y for where 2 links meet
Pb(3)=Pa(3)+aCalc*(Pe(3)-Pa(3))/dCalc+hCalc*(Pe(1)-Pa(1))/dCalc;%z




theta1=atan2(Pb(3)-Pa(3),Pb(1)-Pa(1));%angle of the delta robot arm
di=Pe-Pb;%vector desc. parallel linkage, used to calculate Jacobian









11 Appendix B MATLAB Workspace Code
Lines may be broken up with ellipsis (...) where too long
File “HDeltaWorkspace.m”
function [ points ] = HDeltaWorkspace(linkLengths)
%HDeltaIK Inverse Kinematics of the H Delta Manipulator
%Finds the workspace of a robot with the given inverse kinematics using a









x=0;%end effector x position
y=0;%end effector y position
z=0;%end effector z position
%increase stepSize to speed up calculations at cost of accuracy
stepSize=10.0;
%rough limits if workspace can’t be found




extraZ=5;%num points to check above the last valid z








currentMaxY=0;%stores the max valid y position
currentMinY=0;%stores the min valid y position










currentMaxY=0;%stores the max valid y position
currentMinY=0;%stores the min valid y position
yLoop=1;
while yLoop






if pointError==0%if the point is valid
%add it to the list
if(foundPoint1==0 && foundPoint2==0 && foundPoint3==0)
%if first point, start array
Pvalid=[x,y,z,tempStiffness,tempDexterity];
else







if yDirection>0 && y>currentMaxY
currentMaxY=y;




if ( z>(currentMaxZ+stepSize*extraZ) &&...

















%do nothing, keep checking










if (foundPoint2==1 || foundPointOld2==1) && abs(x)<maxX
foundPoint1=1;
elseif(foundPoint2==0 && x<stepSize*extraY && x>-stepSize*extraY)











if foundPoint1==0 %return error, no workspace found
disp(’error: no workspace found’)
return;
end
%display resulting workspace
V=alphavol(Pvalid(:,1:3),stepSize*3,1);
%display stiffness
figure
scatter3(Pvalid(:,1),Pvalid(:,2),Pvalid(:,3),50,Pvalid(:,4),’filled’)
axis equal
%display dexterity
figure
scatter3(Pvalid(:,1),Pvalid(:,2),Pvalid(:,3),50,Pvalid(:,5),’filled’)
axis equal
points=Pvalid;%output point cloud
end
